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We study the following examples:
bisimilarity

bisimilarity and similarity together
similarity

upper similarity

intersection of lower and upper similarity

©0 0000

2-nested similarity
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We study the following examples:

bisimilarity

bisimilarity and similarity together
similarity

upper similarity

intersection of lower and upper similarity

©0 0000

2-nested similarity
In each case we see
@ how to use a final coalgebra

@ how to construct a final coalgebra.
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Bisimilarity: Using A Final Coalgebra

Fix a countable set Act of labels.

Let F: X s PSRo(Act x X) on Set.

A countably branching Act-labelled transition system is an F-coalgebra.
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Bisimilarity: Using A Final Coalgebra

Fix a countable set Act of labels.
Let F: X s PSRo(Act x X) on Set.
A countably branching Act-labelled transition system is an F-coalgebra.

Let A be a final F-coalgebra, and og the anamorphism from B.
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Bisimilarity: Using A Final Coalgebra

Fix a countable set Act of labels.
Let F: X s PSRo(Act x X) on Set.
A countably branching Act-labelled transition system is an F-coalgebra.

Let A be a final F-coalgebra, and og the anamorphism from B.

Theorem: characterizing bisimilarity

b € B is bisimilar to ¢ € C iff cgb = occ.
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Bisimilarity: Using A Final Coalgebra

Fix a countable set Act of labels.
Let F: X s PSRo(Act x X) on Set.

A countably branching Act-labelled transition system is an F-coalgebra.

Let A be a final F-coalgebra, and og the anamorphism from B.

Theorem: characterizing bisimilarity
b € B is bisimilar to ¢ € C iff cogb = o¢c.

Theorem: no junk
Every element of A is of the form ogb.
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Bisimilarity: Constructing A Final Coalgebra

Let F: X — P<Ro(Act x X) on Set.

Suppose A is a transition system that is big enough
i.e. every b € B is bisimilar to some a € A.

Then A modulo bisimilarity (with behaviour map chosen to make
A——= A/ =< a homomorphism) is a final F-coalgebra.
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Bisimilarity: Constructing A Final Coalgebra

Let F: X — P<Ro(Act x X) on Set.

Suppose A is a transition system that is big enough
i.e. every b € B is bisimilar to some a € A.

Then A modulo bisimilarity (with behaviour map chosen to make
A——= A/ =< a homomorphism) is a final F-coalgebra.

Example of a big enough transition system

A= the disjoint union of all transition systems on initial segments of N.
It's big enough because every (B, b) has countably many successors.
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Bisimilarity: Constructing A Final Coalgebra

Let F: X — P<Ro(Act x X) on Set.

Suppose A is a transition system that is big enough
i.e. every b € B is bisimilar to some a € A.

Then A modulo bisimilarity (with behaviour map chosen to make
A——= A/ =< a homomorphism) is a final F-coalgebra.

Example of a big enough transition system

A= the disjoint union of all transition systems on initial segments of N.
It's big enough because every (B, b) has countably many successors.

If Aisn't big enough, then A/ < is still subfinal, i.e. parallel morphisms to
it are equal.
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Bisimilarity and Similarity: Using A Final Coalgebra

Let G be the endofunctor on Preord mapping (X, <) to

(PS¥(Act x X), Sim(<))

def

where U Sim(R) V & Vxe U3y e V.uR v.
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Bisimilarity and Similarity: Using A Final Coalgebra

Let G be the endofunctor on Preord mapping (X, <) to

(PSR(Act x X),Sim(<))
where U Sim(R) V Evxe Udye V.u R v.
Let A be a final G-coalgebra.
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Bisimilarity and Similarity: Using A Final Coalgebra

Let G be the endofunctor on Preord mapping (X, <) to

(PSR(Act x X),Sim(<))
where U Sim(R) V Evxe Udye V.u R v.
Let A be a final G-coalgebra.

Any transition system B gives a G-coalgebra AB, using the discrete order.
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Bisimilarity and Similarity: Using A Final Coalgebra

Let G be the endofunctor on Preord mapping (X, <) to

(PSR(Act x X),Sim(<))
where U Sim(R) V Evxe Udye V.u R v.
Let A be a final G-coalgebra.

Any transition system B gives a G-coalgebra AB, using the discrete order.

Theorem: characterizing bisimilarity and similarity

@ b e B is bisimilar to c € C iff caogb = 0oacc.
@ be Bissimilarto c € C iff oaogb < oacc
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Bisimilarity and Similarity: Using A Final Coalgebra

Let G be the endofunctor on Preord mapping (X, <) to

(PSR(Act x X),Sim(<))
where U Sim(R) V Evxe Udye V.u R v.
Let A be a final G-coalgebra.

Any transition system B gives a G-coalgebra AB, using the discrete order.

Theorem: characterizing bisimilarity and similarity

@ b e B is bisimilar to c € C iff caogb = 0oacc.
@ be Bissimilarto c € C iff oaogb < oacc

Theorem: no junk
Every element of A is of the form oagb.
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Bisimilarity and similarity: constructing a final coalgebra

(Hughes-Jacobs)

Let G be the endofunctor on Preord mapping (X, <) to

(PSR(Act x X),Sim(<))
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Bisimilarity and similarity: constructing a final coalgebra

(Hughes-Jacobs)

Let G be the endofunctor on Preord mapping (X, <) to
(PSR(Act x X),Sim(<))

Suppose A is a transition system that is big enough
i.e. every b € B is bisimilar to some a € A.
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Bisimilarity and similarity: constructing a final coalgebra

(Hughes-Jacobs)

Let G be the endofunctor on Preord mapping (X, <) to
(PSR(Act x X),Sim(<))

Suppose A is a transition system that is big enough
i.e. every b € B is bisimilar to some a € A.

Then A modulo bisimilarity, preordered by similarity, is a final G-coalgebra.
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Quotienting by a preorder

If Ais a set with an equivalence relation ~,
then A/ ~ is a set consisting of the equivalence classes.
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Quotienting by a preorder

If Ais a set with an equivalence relation ~,
then A/ ~ is a set consisting of the equivalence classes.

More generally,

if Ais a set with a preorder <,
then A/ < is a poset consisting of the lower sets, ordered by inclusion.
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Quotienting by a preorder

If Ais a set with an equivalence relation ~,
then A/ ~ is a set consisting of the equivalence classes.

More generally,

if Ais a set with a preorder <,
then A/ < is a poset consisting of the lower sets, ordered by inclusion.

So Poset is a full reflective subcategory of Preord.

Q
Posetc L _ Preord
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Similarity: using a final coalgebra

Let G be the endofunctor on Preord mapping (X, <) to
(P<Fo(Act x X), Sim()).

Let H be the composite

G Q
Poset“—— Preord —— Preord —— Poset
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Similarity: using a final coalgebra

Let G be the endofunctor on Preord mapping (X, <) to
(P<Fo(Act x X), Sim()).

Let H be the composite

G Q
Poset“—— Preord —— Preord —— Poset

Let A be a final H-coalgebra
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Similarity: using a final coalgebra

Let G be the endofunctor on Preord mapping (X, <) to
(P<Fo(Act x X), Sim()).

Let H be the composite

G Q
Poset“—— Preord —— Preord —— Poset

Let A be a final H-coalgebra

Theorem: characterizing similarity

b € B is similar to c € C iff caogb < oacc.
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Similarity: using a final coalgebra

Let G be the endofunctor on Preord mapping (X, <) to
(P<Fo(Act x X), Sim()).

Let H be the composite

G Q
Poset“—— Preord —— Preord —— Poset

Let A be a final H-coalgebra

Theorem: characterizing similarity

b € B is similar to c € C iff caogb < oacc.

Theorem: no junk
Every element of A is of the form oagb.
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Similarity: constructing a final coalgebra

Let G be the endofunctor on Preord mapping (X, <) to
(P<No(Act x X),Sim(() <)).

Let H be the composite

G Q
Poset —— Preord —— Preord —— Poset
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Similarity: constructing a final coalgebra

Let G be the endofunctor on Preord mapping (X, <) to
(P<No(Act x X),Sim(() <)).

Let H be the composite
G Q
Poset —— Preord —— Preord —— Poset

Suppose A is a transition system that is big enough
i.e. every b € B is mutually similar to some a € A.

Paul Blain Levy (University of Birmingham) Similarity quotients as final coalgebras December 7, 2009



Similarity: constructing a final coalgebra

Let G be the endofunctor on Preord mapping (X, <) to
(P<No(Act x X),Sim(() <)).

Let H be the composite

G Q
Poset —— Preord —— Preord —— Poset

Suppose A is a transition system that is big enough
i.e. every b € B is mutually similar to some a € A.

Then A modulo similarity is a final G-coalgebra.
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Lower and Upper Simulations (Ulidowski, Lassen, Pitcher)

A countably branching Act-labelled transition system with divergence is a
coalgebra for X +— P<No((Act x X) ).
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Lower and Upper Simulations (Ulidowski, Lassen, Pitcher)

A countably branching Act-labelled transition system with divergence is a
coalgebra for X +— P<No((Act x X) ).

We write b {} to mean that b may diverge.
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Lower and Upper Simulations (Ulidowski, Lassen, Pitcher)

A countably branching Act-labelled transition system with divergence is a
coalgebra for X +— P<No((Act x X) ).
We write b {} to mean that b may diverge.

Let B and C be two such, and let R C B x C be a relation.

Lower simulation

‘R is a lower simulation when, for b R ¢

o b s b implies there is ¢’ such that ¢ %5 ¢/ and b’ R ¢'.
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Lower and Upper Simulations (Ulidowski, Lassen, Pitcher)

A countably branching Act-labelled transition system with divergence is a
coalgebra for X +— P<No((Act x X) ).
We write b {} to mean that b may diverge.

Let B and C be two such, and let R C B x C be a relation.

Lower simulation

‘R is a lower simulation when, for b R ¢

o b s b implies there is ¢’ such that ¢ %5 ¢/ and b’ R ¢'.

Upper simulation

| A

R is an upper simulation when, for b R ¢ with b ff
o cY

o ¢ 2 ¢ implies that there is b’ such that b 25 b’ and b Rc'.

.
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Lower and Upper Simulations (Ulidowski, Lassen, Pitcher)

A countably branching Act-labelled transition system with divergence is a
coalgebra for X +— P<No((Act x X) ).
We write b {} to mean that b may diverge.

Let B and C be two such, and let R C B x C be a relation.

Lower simulation

‘R is a lower simulation when, for b R ¢

o b s b implies there is ¢’ such that ¢ %5 ¢/ and b’ R ¢'.

Upper simulation

| A

R is an upper simulation when, for b R ¢ with b ff
o cY

o ¢ 2 ¢ implies that there is b’ such that b 25 b’ and b Rc'.

.

There are many variants.
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Upper similarity and final coalgebras

Let G be the endofunctor on Preord mapping
(X, <) = (P<No((Act x X)), Upper(K)).
UUpper(R)V & 1¢U=
(Lg VA
VyeV.Ixe U. xR y)
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Upper similarity and final coalgebras

Let G be the endofunctor on Preord mapping
(X, <) = (P<No((Act x X)), Upper(K)).

def

UUpper(R) V & L&U=
(L& VA
VyeV.Ixe U. xR y)

Let H be the composite

G Q
Poset“ Preord —— Preord — Poset
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Upper similarity and final coalgebras

Let G be the endofunctor on Preord mapping
(X, <) = (P<No((Act x X)), Upper(K)).

UUpper(R)V & 1¢U=
(Lg VA
VyeV.Ixe U. xR y)

Let H be the composite

G Q
Poset“ Preord —— Preord — Poset

Then
@ a final H-coalgebra characterizes upper similarity, with no junk
@ a big enough transition system with divergence, modulo upper
similarity, gives a final H-coalgebra.
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Doubly preordered sets

We are going to study the intersection of lower similarity and upper
similarity.

A doubly preordered set (X, <, <,) is a set with two preorders.
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Doubly preordered sets

We are going to study the intersection of lower similarity and upper
similarity.

A doubly preordered set (X, <, <,) is a set with two preorders.

It is fine when <; N <, is a partial order
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Doubly preordered sets

We are going to study the intersection of lower similarity and upper
similarity.

A doubly preordered set (X, <, <,) is a set with two preorders.
It is fine when <; N <, is a partial order

We obtain categories

Q
TwoFinec  L_ TwoPreord
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Lower similarity N upper similarity

Let G be the endofunctor on TwoPreord mapping (X, <;, <,) to

(PSNO((Act x X)1), Lower(<), Upper(<y,))

Paul Blain Levy (University of Birmingham) Similarity quotients as final coalgebras December 7, 2009 14 /23



Lower similarity N upper similarity

Let G be the endofunctor on TwoPreord mapping (X, <;, <,) to
(PSNo((Act x X)), Lower(<;), Upper(<,))

Let H be the composite

TwoFine“— TwoPreord _c. TwoPreord L> TwoFine
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Lower similarity N upper similarity

Let G be the endofunctor on TwoPreord mapping (X, <;, <,) to

(PSNO((Act x X)1), Lower(<), Upper(<y,))

Let H be the composite

TwoFine“— TwoPreord _c. TwoPreord L> TwoFine
Then

@ a final H-coalgebra characterizes lower and upper similarity, with no
junk

@ a big enough transition system with divergence, modulo lower
similarity N upper similarity, gives a final H-coalgebra.
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2-nested simulation (Groote and Vaandrager)

Let B and C be transition systems.

A 2-nested simulation from B to C is a simulation contained in the
converse of a simulation.

Equivalently a simulation contained in the converse of similarity.
Equivalently a simulation contained in mutual similarity.
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2-nested simulation (Groote and Vaandrager)

Let B and C be transition systems.

A 2-nested simulation from B to C is a simulation contained in the

converse of a simulation.
Equivalently a simulation contained in the converse of similarity.
Equivalently a simulation contained in mutual similarity.

Corresponds to the bisimulation game where the Opponent can swap sides
only once.
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2-nested simulation (Groote and Vaandrager)

Let B and C be transition systems.

A 2-nested simulation from B to C is a simulation contained in the
converse of a simulation.

Equivalently a simulation contained in the converse of similarity.
Equivalently a simulation contained in mutual similarity.

Corresponds to the bisimulation game where the Opponent can swap sides
only once.

Corresponds to modal formulas &7 and &"0O™,
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2-nested preordered sets

A 2-nested preordered set (X, <1, <2) is a set with two preorders, where
<2C<1.
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2-nested preordered sets

A 2-nested preordered set (X, <1, <2) is a set with two preorders, where
<2C<1.

It is fine when <5 is a partial order.
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2-nested preordered sets

A 2-nested preordered set (X, <1, <2) is a set with two preorders, where
<2C<1.

It is fine when <5 is a partial order.

We obtain categories

Q
NestFinec  L_ NestPreord
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2-nested simulation and final coalgebras

Let G be the endofunctor on NestPreord mapping (X, <1, <2) to

(PSNo((Act x X)), 0pSim(<1), 0pSim(<1) N Sim(<2))
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2-nested simulation and final coalgebras

Let G be the endofunctor on NestPreord mapping (X, <1, <>2) to
(PSY((Act x X)1),0pSim(<1), 0pSim(<1) N Sim(<2))

Let H be the composite

NestFine—— NestPreord _c. NestPreord L NestFine
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2-nested simulation and final coalgebras

Let G be the endofunctor on NestPreord mapping (X, <1, <>2) to
(P<Ro((Act x X)1),0pSim(<1), 0pSim(<1) N Sim(<2))

Let H be the composite

NestFine—— NestPreord _c. NestPreord L NestFine

Then
@ a final H-coalgebra characterizes (the converse of) similarity and
2-nested similarity, with no junk

@ a big enough transition system, modulo 2-nested similarity, gives a
final H-coalgebra.
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Proving these results simultaneously

Instead of having to prove all these results separately,

we want general theorems that they are all instances of.
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Proving these results simultaneously

Instead of having to prove all these results separately,
we want general theorems that they are all instances of.

What is the data for our theorems?
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The two categories

We firstly require a category C of functions
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The two categories

We firstly require a category C of functions

and a category A, with the same objects, whose morphisms are

quasi-relations.

Paul Blain Levy (University of Birmingham)

Similarity quotients as final coalgebras

December 7, 2009

19 /23



The two categories

We firstly require a category C of functions
and a category A, with the same objects, whose morphisms are
quasi-relations.

Examples with C = Set

A quasi-relation A R, B is

@ a relation
@ a pair of relations (R, R,)
@ a pair of relations (R1,R2) with Ry C R;.

Paul Blain Levy (University of Birmingham) Similarity quotients as final coalgebras December 7, 2009 19 /23



The two categories

We firstly require a category C of functions
and a category A, with the same objects, whose morphisms are
quasi-relations.

Examples with C = Set

A quasi-relation A R, B is
Q a relation
@ a pair of relations (R, R,)
@ a pair of relations (R1,R2) with Ry C R;.

We then define “quasi-preordered objects” and “finely quasi-preordered
objects”.

Q
Fine(A)_ _L_Preord(A)
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Relational extension

We require an endofunctor F on C, expressing the behaviour

Examples with C = Set

X = PS(Act x X)
X — P((Act x X))
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Relational extension

We require an endofunctor F on C, expressing the behaviour

Examples with C = Set

X = PS(Act x X)
X — P((Act x X))

And we need I mapping a quasi-relation X R, Y to FX TR, FY .
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Relational extension

We require an endofunctor F on C, expressing the behaviour

Examples with C = Set

X = PS(Act x X)
X — P((Act x X))

And we need I mapping a quasi-relation X R, Y to FX TR, FY .

[" is a relational extension of F.
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Properties of relational extension (1)

Monotonicity

RR
X—Y

RCR =TRCIR
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Properties of relational extension (1)

Monotonicity

RR
X—Y

RCR =TRCIR

Stability (Hughes and Jacobs)

X/_f>X

|

Y'?Y

F((f x g) 'R) = (Ff x Fg)"'R
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Properties of relational extension (2)

Lax functoriality

idrx C Tidx
(MR);(rS) < T(R;S)

X-—Rsy-S.7
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Properties of relational extension (2)

Lax functoriality

idrx C Tidx
(MR);(rS) < T(R;S)

X-—Rsy-S.7

Hesselink and Thijs required strict preservation of binary composition, lax
preservation of identities.
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Properties of relational extension (2)

Lax functoriality

idrx
(TR); (I'S)

Fidx

C
C II(R;S)

X-—Rsy-S.7

Hesselink and Thijs required strict preservation of binary composition, lax
preservation of identities.

But that excludes the case of 2-nested simulation.
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Conclusions

Given
@ a category C
@ a category A with the same objects as C
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Conclusions

Given
@ a category C
@ a category A with the same objects as C
@ an endofunctor F on C
@ a relational extension I' of F to A
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Conclusions

Given

a category C

a category A with the same objects as C

an endofunctor F on C

a relational extension I' of F to A

some more structure and assumptions, satisfied by our examples
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Conclusions

Given
@ a category C
@ a category A with the same objects as C
@ an endofunctor F on C
@ a relational extension I of F to A
@ some more structure and assumptions, satisfied by our examples
we define an endofunctor H

Fine(A)—> Preord(A) —¢ > Preord(A) 2 Fine(A)

where G : (X, <) — (FX,T ).

Paul Blain Levy (University of Birmingham) Similarity quotients as final coalgebras December 7, 2009 23/



Conclusions

Given
@ a category C
@ a category A with the same objects as C
@ an endofunctor F on C
@ a relational extension I of F to A
@ some more structure and assumptions, satisfied by our examples
we define an endofunctor H

Fine(A)—> Preord(A) —¢ > Preord(A) 2 Fine(A)

where G : (X, <) — (FX,T ).

@ any final H-coalgebra characterizes I-simulation, and has no junk

@ any coalgebra that is big enough, modulo I'-similarity, gives a final
H-coalgebra.

Paul Blain Levy (University of Birmingham) Similarity quotients as final coalgebras December 7, 2009 23 /23



	Examples
	General Theory

