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Summary

|. Modal logic (for logical equivalences)

| = T | {(a) X = (@) <= Jy.x = yAYy
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Summary

|. Modal logic (for logical equivalences)

| o= T (a)! X E(a) < Jy.x ——=yAYy

[ coalgebra in slice categories of adjunctionsJ

2. GSOS (for compositional bisimilarity)
x Iy xtre oy
I rla

X# X' y#yY

[ coalgebra in categories of algebras J

3. For compositional logical equivalences:

[ coalgebra in algebras over slice categories J
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Coalgebraic Modal Logic
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The shape of logic
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Cc 6 o BT =l TL
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The shape of logic

o.LS=! SB
Cc 6 o* BT = TL
g. L= SBT

For finitary L, we have also p: L = (SBT),

or simpler: ": L= D(n,! )aSBTn
nebD
in Set : ML=  2B2" » "
n! N
l =:="(1,...,'n) forchosen ! :B2" — 2
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Logical equivalence as a functor
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Logical equivalence as a functor
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S : B-coalg — L-alg g: (D! S)" (D!YS)
h | S
X ~ B X | —S X
'X Sh | Ls | X
LS X ‘SBX SX L —LSX —SBX

Fact: walg 2 (L-alg | 9)

B-coalg » L :r-alg d D | S)

Coalgebraic Logics, Dagstuhl, 07/12/09 5/14



Logical equivalence as a functor

BCC a4 >793L l LS =l SB

S : B-coalg — L-alg g: (D! S)" (D!YS)
h | S
X ~ B X | —S X
'X Sh | Ls | X
LS X ‘SBX SX L —LSX —SBX

Fact: walg 2 (L-alg | 9)

- =

B-coalg » L :F-alg Uﬁ%D 1S)=(C|T)

Coalgebraic Logics, Dagstuhl, 07/12/09 5/14



Logical equivalence as a functor
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Structural Operational Semantics
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Structural Operational Semantics

| | pmd I
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t=nil|al|t®t 3
{} al'” nil X# X' I y#y
> l :XB =2 BX
B' :!-alg! ! -alg > : B-coalg — B-coalg
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Fact: !
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Towards compositionality of CML
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Towards compositionality of CML
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“Logic” for process syntax

e O Dj TS Sy

We have )" : (D | S) - (D | S).

Coalgebraic Logics, Dagstuhl, 07/12/09 8/14



“Logic” for process syntax

e O Dj TS Sy

We have I''": (D | S) — (D | S).
Assume moreover x : @@=! &g Then:

| -bialg g | "-bialg —~# coalg

d o d
B-coalg $ &-alg ~HD ! S)
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Dist. laws in slice categories

e e e T D
LTS —— 1Sy —— "SBX

S.t. !s\ S$

LS —— TSB ——— FXB
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Dist. laws in slice categories

e m g |
LTS —— 1Sy —— "SBX
S.t. !s\ S$
LS —— TSB ——— FXB
]

B L
Theorem: Given - ..#/\!D@

if 1,1," exist then(L,!)-equivalence is compositional.
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How to find missing ingredients?

To illustrate, work in Set.

¢: TS = S¥% !l = 8" T
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How to find missing ingredients?

To illustrate, work in Set.

£:TS = SY% il = S" T
For I’ finitary: I =! | neszzn " (#)"

So (I'!) is defined by a set of >.-predicate liftings
NB: (L, p) is defined by a set of B-predicate liftings

So! :LI'= TI'L:a distributive law of
polynomial functors.
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Logical distributive laws

l :LI'= TIL is one equation:

6(0'1(33‘11, c .. ,lelnl), c .. ,am(a:'ml, - . ,.CEmnm ))

! ("1(’3\/11,...,ylk;/,"l(vjh-o-:\ylkz))

for each combination of
| -B-lifting of some arity I11,
' 1,...,' m -2 liftings of some arities n1,...,7n.
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Logical distributive laws

l :LI'= TIL is one equation:

6(0‘1(1‘11, c .. ,lelnl), c .. ,am(a:'ml, - . ,.CEmnm ))

! ("1(’3\/11,...,ylk;/,"l(vjh-o-:\ylkz))

for each combination of
| -B-lifting of some arity I11,
' 1,...,' m -2 liftings of some arities n1,...,7n.

Note:
- LHS defines a B! -lifting of arity 21 Ni
- RHS+/ defines a ! B -lifting of the same arity.
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Compatible laws
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Compatible laws

6(0‘1(£B11, “ . ,:Elnl), - . ,O'm(.iEml, c .. ,Qj’mnm ))

! ("1(}11,...,ylk;/,"l(vjlh--:\ylkl))

LHS: (2' )" = 25 2 puB

RHS+T: (2! )r = ) B = Zi:l n;

Fact: If for every LHS, its extension along !
can be presented as an RHS+/,

L[S —— LSy, =—— SBY

then = commutes.
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xI'" oy xreoy
al'® nil Xx# x' ' y#y!
o= T | ()]
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Example

Xy x'reoy
al'® nil Xx# x' ' y#y!
u= T (@)
B -liftings: I -liftings:
I (arity O)
la" (arity 1) al (X1" Xz2) (arity 2)

I =a" (1#! )
(@)(aVv (x1 ®x2)) = (a)x1 ® (@)X2
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Example

xIe oy xtreoyl
al'? nil X# x' 1t y#y
L= T (@)
B -liftings: I -liftings:
I (arity O)
la" (arity 1) al (X1" Xz2) (arity 2)

X1! Xo (arity 2)
L —a" (1#! )
(@)(aVv(x1®x2)) = (a)x1 @ (a)Xz
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Example

xFPy x P vy
al'? nil X# x' 1t y#y
L= T (@)
B -liftings: I -liftings:
I (arity O)
la" (arity 1) al (X1" Xz2) (arity 2)

X1! Xo (arity 2)
L —a" (1#! )

(@(aV (X1 ®X2)) = (@)X1 ® (@)X2
la" (X1 # Xp) =l1a"xs #! a"'%x,
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