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1. Modal logic  (for logical equivalences) 
! ::= ! | 〈a〉! x |= 〈a〉! ⇐⇒ ∃y. x a

−→ y ∧ y |= !

2. GSOS (for compositional bisimilarity)
x a!" y x! a!" y!

x # x! a!" y # y!

coalgebra in slice categories of adjunctions

coalgebra in categories of algebras

3. For compositional logical equivalences:

coalgebra in algebras over slice categories



Coalgebraic Logics, Dagstuhl, 07/12/09 / 14

Coalgebraic Modal Logic

3

ρ : LS =! SBop

Cop

S

!!
!Bop

""
D

T op

## L
$$



Coalgebraic Logics, Dagstuhl, 07/12/09 / 14

Coalgebraic Modal Logic

3

C

S
!!

B
!!

D

T

"" L
##

! : LS =! SB



Coalgebraic Logics, Dagstuhl, 07/12/09 / 14

Coalgebraic Modal Logic

3

C

S
!!

B
!!

D

T

"" L
##

! : LS =! SB

Φ ! SX
X ! TΦ



Coalgebraic Logics, Dagstuhl, 07/12/09 / 14

Coalgebraic Modal Logic

3

C

S
!!

B
!!

D

T

"" L
##

! : LS =! SB

B = (P! ! )A

L = 1 + A ×−S = 2 !

T = 2−

e.g.:

Φ ! SX
X ! TΦ



Coalgebraic Logics, Dagstuhl, 07/12/09 / 14

Coalgebraic Modal Logic

3

C

S
!!

B
!!

D

T

"" L
##

! : LS =! SB

Φ ! SX
X ! TΦ



Coalgebraic Logics, Dagstuhl, 07/12/09 / 14

Coalgebraic Modal Logic

3

C

S
!!

B
!!

D

T

"" L
##

! : LS =! SB

Logical equivalence:

BX

X

h

!!

Φ ! SX
X ! TΦ



Coalgebraic Logics, Dagstuhl, 07/12/09 / 14

Coalgebraic Modal Logic

3

C

S
!!

B
!!

D

T

"" L
##

! : LS =! SB

Logical equivalence:

BX

X

h

!! SBX

Sh
!!

SX

Φ ! SX
X ! TΦ



Coalgebraic Logics, Dagstuhl, 07/12/09 / 14

Coalgebraic Modal Logic

3

C

S
!!

B
!!

D

T

"" L
##

! : LS =! SB

Logical equivalence:

BX

X

h

!!

LSX

ρX

!!

L!
Ls""

a

!!

SBX

Sh
!!

SX !s
""

Φ ! SX
X ! TΦ



Coalgebraic Logics, Dagstuhl, 07/12/09 / 14

Coalgebraic Modal Logic

3

C

S
!!

B
!!

D

T

"" L
##

! : LS =! SB

Logical equivalence:

BX

X

h

!!

X
s!

!! T !

LSX

ρX

!!

L!
Ls""

a

!!

SBX

Sh
!!

SX !s
""

Φ ! SX
X ! TΦ



Coalgebraic Logics, Dagstuhl, 07/12/09 / 14

The shape of logic

4

C

S
!!

B
!!

D

T

"" L
##

ρ : LS =! SB

ρ! : BT =! TL

÷ρ : L =! SBT



Coalgebraic Logics, Dagstuhl, 07/12/09 / 14

The shape of logic

4

C

S
!!

B
!!

D

T

"" L
##

For finitary   , we have also  L ρ̃ : L =! (SBT )!

ρ : LS =! SB

ρ! : BT =! TL

÷ρ : L =! SBT



Coalgebraic Logics, Dagstuhl, 07/12/09 / 14

The shape of logic

4

C

S
!!

B
!!

D

T

"" L
##

For finitary   , we have also  L ρ̃ : L =! (SBT )!

or simpler: !̃ : L =!
!

n∈D ω

D(n, ! ) áSBTn

ρ : LS =! SB

ρ! : BT =! TL

÷ρ : L =! SBT



Coalgebraic Logics, Dagstuhl, 07/12/09 / 14

The shape of logic

4

C

S
!!

B
!!

D

T

"" L
##

For finitary   , we have also  L ρ̃ : L =! (SBT )!

or simpler: !̃ : L =!
!

n∈D ω

D(n, ! ) áSBTn

 in       : !̃ : L =⇒
!

n ! N
2B 2n

× ΦnSet

ρ : LS =! SB

ρ! : BT =! TL

÷ρ : L =! SBT



Coalgebraic Logics, Dagstuhl, 07/12/09 / 14

The shape of logic

4

C

S
!!

B
!!

D

T

"" L
##

For finitary   , we have also  L ρ̃ : L =! (SBT )!

or simpler: !̃ : L =!
!

n∈D ω

D(n, ! ) áSBTn

 in       : !̃ : L =⇒
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n ! N
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ξ : ΓS =⇒ SΣ !̃ : ! =⇒ S" T

To illustrate, work in       .Set

For    finitary: Γ =!
!

n∈N 2Σ2n

" (# )nΓ

So         is defined by a set of    -predicate liftings

NB:         is defined by a set of    -predicate liftings

(Γ, ! ) Σ

(L, ρ) B

So                     : a distributive law of! : LΓ =! ΓL

polynomial functors.
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=

for each combination of

! (" 1(y11, . . . , y1k1), . . . , " l (yl1, . . . , ylk l))

! -   -lifting of some arity    ,B m
! 1, . . . , ! m -    liftings of some arities                .Σ n1, . . . , nm
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! m
i =1 ni

- RHS+  defines a      -lifting of the same arity. ! B
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a a!" nil
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1. Modal logic  (for logical equivalences) 

2. GSOS (for compositional bisimilarity)

3. For compositional logical equivalences:

! ::= ! | 〈a〉! x |= 〈a〉! ⇐⇒ ∃y. x a

−→ y ∧ y |= !

x a!" y x! a!" y!

x # x! a!" y # y!

coalgebra in slice categories of adjunctions

coalgebra in categories of algebras

coalgebra in algebras over slice categories


