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“Random walk” on “board” {0,1,...,n} =[0,n]
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A simple board game
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Start: Uniformly random position Ry in [1,n]

Dietzfelbinger, Rowe, Wegener, Woelfel Dagstuhl, 2008-09-18 1



A simple board game

01 2 3 45 6 7 8 910111213141516 171819 2021 22 23 24 25

Dietzfelbinger, Rowe, Wegener, Woelfel Dagstuhl, 2008-09-18 1



A simple board game
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Step t: Given position R;_1, choose
“distance” D; from [1,n], according to
probability distribution g on [1,n].
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E

01 2 3 45 6 7 8 910111213141516 171819 2021 22 23 24 25

Step t: Given position R;_1, choose
“distance” D; from [1,n], according to
probability distribution g on [1,n].

It Dy > R;_1, let Ry = R;_1 (don’t move, “reject”).
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Aim: Get to 0 fast.
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Aim: Get to 0 fast.
T = #(steps to get to 0) = min{t | R; = 0}.
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A simple board game
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Aim: Get to 0 fast.
T = #(steps to get to 0) = min{t | R; = 0}.

What is E(T') = E,(T)7
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Probability distribution 1 on distances: strategy.

How small can E, (1) be? | (depending on strategy p?)
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A simple board game

E

01 2 3 45 6 7 8 910111213141516 171819 2021 22 23 24 25

Probability distribution 1 on distances: strategy.

How small can E, (1) be? | (depending on strategy p?)

What do good “strategies” pu look like?
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Background: Randomized search heuristics

“Randomized search heuristics’, e.g. Evolutionary algo-
rithms:

Maintain some sample points, “mutate”, “recombine”,
test for fitness (compare f(x)-values), eliminate some . . .

Heuristic cannot/does not use information on what f looks
like!
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Fix error bound € > 0. Population size 1: Maintain x.
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Background: Randomized search heuristics

Density function for distance d:

t— M e <t <1 (0 otherwise).
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Background: Randomized search heuristics

Density function for distance d:

t— M e <t <1 (0 otherwise).

All orders of magnitude are chosen with the same probability:
“scale invariant sampling” .

Experiments: good for diverse functions f, possible to escape
from local minima . . .
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Background: Randomized search heuristics
Known: ([Rowe, Hidovi¢ 2004]) If f is unimodal,

0 1

then for the “scale invariant distribution” the expected time
for e-approximating the minimum is O(log(1/¢€)?).

Q: Can any fixed nonadaptive strategy ( = distribution) be
better on unimodal functions?
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Our model, our results
O 1 2 3 4 5 6 7 8 9 1011 12 13 14 15 16 17 18 19 20 21 22 23 24 25

Our game:
Discretization! Use [0,n] = {0,...,n} instead of [0, 1].

Study (unimodal) function f: [0, n] D * — x:

Theorem
There are distributions p with E,,(T) = O((logn)?).

Main Theorem
For every distribution p: E, (T) = Q((logn)?).

Implies bound Q2((log(1/£)?)) for the e-approximation pro-
blem.
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(good) “Harmonic distribution”:
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Good and bad distributions

(good) “Powers-of-2 distribution”: Let L = [log, n].

: 1 :
u(2’):zfor0§i<L, p(d) =0 for d # 2° .

(good) “Harmonic distribution”:

(d) = L forl1 < d <
1) =TI orl <d<n,

n

witth:1+;+ +—

How prove?
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Logarithmic scale
Let L = [log,n].
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I; = [2%,2*71—1] (an “order of magnitude”)
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Logarithmic scale
Let L = [log,n].

1 2 3 4 5 6 7 8 91011121314 1516 171819 20 21 22 23 24 25
| ®

I; = [2*,2*T1—1] (an “order of magnitude”) (...N[1,n])
p; = >, p(d). (weight in I;.)
deT;

Dietzfelbinger, Rowe, Wegener, Woelfel

Dagstuhl, 2008-09-18 12




Upper bound

Assume process sits in I;, 1 > 0.
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Upper bound

Assume process sits in I;, 1 > 0.
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Helpful for leaving I;: d € I;_;.
Happens with probability p;_1. Two such events are sufficient.

E(# steps to get below 2¢ | in I;) < -2

— pi_1
2 2 3
= E(# steps to get below 1) < —— Lo = | m—
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Upper bound
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2, 2
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R.h.s. is minimal if all denominators are equal . . .

“powers-of-2 distribution” !
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Upper bound

E(# steps to get below 1) < - 2 ...

L—1

2, 2
p1 ' po’
tol/L.

R.h.s. is minimal if all denominators are equal . . .

“powers-of-2 distribution” !

*harmonic distribution” (approximately)!
EM(T) — O(L ) 1/%)
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Upper bound

E(#stepstogetbelowl)Sp2 Lo 24 2

L—-1 p1 Po

R.h.s. is minimal if all denominators are equal . .. to 1/L.
“powers-of-2 distribution” !

*harmonic distribution” (approximately)!

E.(T) = O(L - ;) = O(L?) = O((log n)?).

Dietzfelbinger, Rowe, Wegener, Woelfel Dagstuhl, 2008-09-18 15



Upper bound

E(#stepstogetbelowl)Sp2 Lo 24 2

L—-1 p1 Po

R.h.s. is minimal if all denominators are equal . .. to 1/L.
“powers-of-2 distribution” !

*harmonic distribution” (approximately)!

E.(T) = O(L - 1%;) = O(L?) = O((log n)?).

Main Theorem: “Cannot do better than this.”
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Proof of Main Theorem
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Idea 1: Delayed decisions
Ry fixes starting point. —

Equivalent new process § = (S¢)¢>o0:

Fixes information about starting point only as process
proceeds.

Maintains information that token is in interval [1, S¢]
(uniformly distributed). Or: Sy = 0. (“Finished")

01 2 3 45 6 7 8 9 10111213141516 17 18 19 2021 22 23 24 25

St: 17

Start: So = n.
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Step t:
Given s = S;_;.

Choose d = D, from [1,n] according to p.

d
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Idea 1: Delayed decisions

Step t:
Given s = S;_;.

Choose d = D, from [1,n] according to p.

d
01 2 3 45 6 7 8 9 10111213141516 1718 19 2021 22 23 24 25

If d > Si_1, let Sy = Si¢_1 (“reject”).

Otherwise . . .
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Idea 1: Delayed decisions
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Idea 1: Delayed decisions

e w/prob. £=¢ : Let S, = S;_1 — d (“accept”)
Let S = O (“finish™)
—1 ¢ Let Sy =d — 1 ("reject”).

e w/prob.

e w/prob.
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Idea 1: Delayed decisions

e w/prob. £=¢ : Let S, = S;_1 — d (“accept”)
Let S = O (“finish™)
—1 ¢ Let Sy =d — 1 ("reject”).

e w/prob.

e w/prob.

01 2 3 45 6 7 8 9 10111213141516 17 18 19 2021 22 23 24 25

Ts = min{t | S; = 0}.
Lemma: E(T) = E(Ts).
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Ildea 2: Potential function

Hunch: The expected number of step sizes (orders of magni-
tude) needed to cross I; is >

1

. . . . 9
Pt > @It S o
1<j<i i<j<L

i =

with ¢ = 1/\/§ up to some constant factor.

Dietzfelbinger, Rowe, Wegener, Woelfel Dagstuhl, 2008-09-18 19



Ildea 2: Potential function

Hunch: The expected number of step sizes (orders of magni-
tude) needed to cross I; is >

1

— . P
pi+ » pi-ci4+ > pi-d
1<j<i i<j<L

(5

with ¢ = 1/\/§ up to some constant factor.

(Small) Contributions of smaller jumps

Dietzfelbinger, Rowe, Wegener, Woelfel Dagstuhl, 2008-09-18 19



ldea 2: Potential function

Hunch: The expected number of step sizes (orders of magni-
tude) needed to cross I; is >

1

— . P
pi+ » pi-ci4+ > pi-d
1<j<i i<j<L

(5

with ¢ = 1/+/2, up to some constant factor.
(Small) Contributions of smaller jumps

Contributions of larger jumps (small probability).
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Ildea 2: Potential function

Hunch: The expected number of step sizes (orders of magni-
tude) needed to cross I; is >

1
Pt Y pirdTT Y pyedT

1<j<i i<j<L

(5

with ¢ = 1/\/§ up to some constant factor.

(Small) Contributions of smaller jumps

Contributions of larger jumps (small probability).

Denominators add to O(1).
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Ildea 2: Potential function

Potential when in Iy:

Work still to be done: Cross all intervals I;,1 < h: > ;.

i<h
Distributing 1;, smoothening out factors ¢l —%l:
1 1
Pa — — ’
a > p®)Vb/a+ Y pb)Va/b
1<b<la a<b<ln
and
P(s) = Z Pa
1<a<s

Intuition: Lower bound for expected cost to get from s to O.
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Clear: St =0 (I)(St) = 0.
Thus: Must get the potential from Q((log n)?) down to 0.
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Lemmas

Lemma: ®(S)) = ®(n) = Q2((logn)?).

Proof idea: Similar to upper bound calculation.
Clear: St =0 (I)(St) = 0.
Thus: Must get the potential from € ((log n)?) down to O.

Main Lemma: Vs: E(®(S;_1) — ®(S;) | Si—1 = s) = O(1).

Then not too difficult (Version of Wald’s equation):
E(Ts) = 2((log n)?).
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Proof of Main Lemma (1)

Must show:
For each s, expected potential loss when starting from s is
constant:

E(®(s) — ©(S,) | Se_1 = 5) = O(1).
|.e.:

E( Z Pa | St—1 = s) = 0(1).

Si<a<s

By straightforward calculation!
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Proof of Main Lemma (1)

Choose step size d = D;. — Cases:
d > s, Sy = s (“reject”): No potential loss.
1 <d< s, jump to O:

Probability p(d)/s, potential loss ®(s) = ) (g4 .
1<a<s

On average:

1

pn(d) T
1<d<s °  1<a<s Z n(b)vVadb + Z p(b)a®/?v'b

1<b<a a<b<ln
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> u(b)
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Proof of Main Lemma (l11)

> u(b)
Z 1<b<s
1<a<s Z I“l’(b)\/%_I_ Z u(b)(GS/Z/\/E)

1<b<a a<b<ls

Now 1(b)/(p(b)vab) < \/75 and . ..
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Proof of Main Lemma (1V)

> u(b)
. Z 1<b<ls
1<a<s Z “’(b)\/%_I_ Z p’(b)(a’g/z/\/g)
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/3

S
a
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a
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Proof of Main Lemma (1V)

> u(b)
. Z 1<b<ls
1<a<s Z I“l’(b)\/%_I_ Z p’(b)(a’g/z/\/g)

1<b<a a<b<ls

Now pa(b)/((b)VaB) < ¥ and u(b) / (u(b)a*/?/VB) < ¥
1 J5 H.
<. VE_ 228 o
S 132.;33 a Vs

Similarly for the other cases. []
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Conclusion

e Matching upper and lower bounds for a simple game.
e New potential function technique.

e Implies lower bound for e-approximating minimum of func-
tion on [0, 1] by blind search strategies.

e Open problem: Prove similar lower bound for arbitrary
unimodal function f on [0, n].

Thank you.
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