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Reduction

Σ-formula ϕ (T -satisfiable?)

Reduction procedure

Ω-formula ψ (R-satisfiable?)



SMT solvers

T -satisfiable

Σ-formula ϕ

SMT solver

SAT solver

T -unsatisfiable

Where T is the combination of the following theories:

T≈ equality Tarray arrays

Tbv fixed-size bit-vectors Tset sets

Tint integer linear arithmetic Tbag multisets

Tlist lists



Reduction and SMT solvers

Σ-formula ϕ

Reduction procedure

Propositional formula ψ

SAT solver

T -satisfiable T -unsatisfiable



Reduction and SMT solvers

Tarray Tset Tbag Tlist

T≈ Tbv Tint

Tbool

• Each arrow represents a reduction procedure

• These reduction procedures are combined in order to obtain a global
reduction procedure:

T≈ ⊕ Tbv ⊕ Tint ⊕ Tarray ⊕ Tset ⊕ Tbag ⊕ Tlist Tbool
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Reduction from sets to equality

Tset[α] Tα

≈

Step 1: Normalize

Step 2: Introduce new variables

Step 3: Replace



Step 1: Normalize

Σset[α]-formula ϕ

Normalization







ψprop u ↔ x ≈set[α] y u ↔ a ≈α b

u ↔ a ∈ x x ≈ ∅ x ≈ {a}

x ≈ y ∪ z x ≈ y ∩ z x ≈ y \ z









Step 2: Introduce new variables

u ↔ x ≈set[α] y =⇒ wxy : α



Step 3: Replace

u ↔ x ≈set[α] y =⇒ u ↔
∧

c

(c ∈ x ↔ c ∈ y)

u ↔ a ≈α b

u ↔ a ∈ x

x ≈ ∅ =⇒
∧

c

(c /∈ x)

x ≈ {a} =⇒
∧

c

(c ∈ x ↔ c ≈ a)

x ≈ y ∪ z =⇒
∧

c

(c ∈ x ↔ c ∈ y ∨ c ∈ z)

x ≈ y ∩ z =⇒
∧

c

(c ∈ x ↔ c ∈ y ∧ c ∈ z)

x ≈ y \ z =⇒
∧

c

(c ∈ x ↔ c ∈ y ∧ c /∈ z)
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Combining reduction procedures

Given

Σ1-theory T1 Ω1-theory R1

Σ2-theory T2 Ω2-theory R2

ρ1

ρ2

we want to obtain

T1 ⊕ T2 R1 ⊕ R2

ρ



Combining reduction procedures

ϕ

ϕ1 ∧ ϕ2

ψ1 ∧ ψ2

normalization

ρ1 ρ2

• Clearly
T1 ⊕ T2 |= ϕ ⇐⇒ T1 ⊕ T2 |= ϕ1 ∧ ϕ2

• Under what conditions we also have the following?

T1 ⊕ T2 |= ϕ1 ∧ ϕ2 ⇐⇒ R1 ⊕ R2 |= ψ1 ∧ ψ2



Reduction procedures

Let:

Σ-theory T Ω-theory R
ρ

ψ = ρ(ϕ) X = vars(ϕ) Y = vars(ψ)

Then:

1 A |=T ϕ =⇒ ∃B |=R ψ such that AΣ∩Ω,X∩Y ∼= BΣ∩Ω,X∩Y

2 B |=R ψ =⇒ ∃A |=T ϕ such that AΣ∩Ω,X∩Y ∼= BΣ∩Ω,X∩Y



Reduction theorem

Given

Σ1-theory T1 Ω1-theory R1

Σ2-theory T2 Ω2-theory R2

ρ1

ρ2

Let ψi = ρi (ϕi ), Xi = vars(ϕi ), Yi = vars(ψi )

Then
T1 ⊕ T2 |= ϕ1 ∧ ϕ2 ⇐⇒ R1 ⊕ R2 |= ψ1 ∧ ψ2

provided that

1 Σ1 ∩ Σ2 = Ω1 ∩ Ω2 (signature condition)

2 X1 ∩ X2 = Y1 ∩ Y2 (variable condition)



Variable condition

Let ψi = ρi (ϕi ), Xi = vars(ϕi ), Yi = vars(ψi )

W.l.o.g.

1 Yi ⊇ Xi

2 Yi \ Xi is a set of fresh variables

Therefore
(Y1 \ X1) ∩ (Y2 \ X2) = ∅

which implies
X1 ∩ X2 = Y1 ∩ Y2



Signature condition

Assume:

1 Sort α in T0

2 All sorts in T0 are simpler than set[α]

Tset[α] ⊕ T0 Shared signature =〈{α}, ∅, ∅, ∅〉

Tα

≈
⊕ T0

︸ ︷︷ ︸

T0

Shared signature =〈{α}, ∅, ∅, ∅〉

Signature condition is satisfied when
we apply the reduction procedures in
order, from the most complex data
type to the simplest.



Global reduction algorithm

Tarray Tset Tbag Tlist

T≈ Tbv Tint

Tbool

1 Apply reductions for Tarray, Tset, Tbag, and Tlist in order, from the
most complex data type to the simplest

2 Apply reduction for T≈, Tbv, and Tint

3 Convert to CNF (DIMACS format) and send result to a SAT solver



Implementation

• SMT solver caissa

• Support for the following theories:

T≈ equality Tarray[α,β] arrays

Tbv fixed-size bit-vectors Tset[α] sets

Tint integer linear arithmetic Tbag[α] multisets

Tlist[α] lists

• http://react.cs.uni-sb.de/caissa/

• Next developments:
• Interpolation à la [KMZ06]
• Incremental reduction à la DPLL(T)


