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Main motivation: Non-termination analysis to detect bugs in programs
@ Programs can be transformed into TRSs
= Benefit from termination analysis of TRSs

Disproving termination of TRSs

@ Use dependency pairs and narrowing for loop detection
[FroCoS '05]



Main motivation: Non-termination analysis to detect bugs in programs
@ Programs can be transformed into TRSs
= Benefit from termination analysis of TRSs

Disproving termination of TRSs

@ Use dependency pairs and narrowing for loop detection
[FroCoS '05]

Programs often use innermost evaluation
= Disproving innermost termination of TRSs

@ Decision procedure to detect innermost loops
[New unpublished work]



Example (ACL2-function computing factorial function)
(defun factorial (x) (fact 0 x))

(defun fact (x y) (if (== xy)
1
(x (fact (+1x)y) (+1x))))




Example (ACL2-function computing factorial function)
(defun factorial (x) (fact 0 x))
(defun fact (x y) (if (== xy)

1
(x (fact (+1x)y) (+1x))))

Example (TRS computing factorial function)

factorial(x) — fact(0,x)
fact(x,y) — if(x==y,xy)

if(true,x,y) — s(0)

if(false,x,y) — fact(s(x),y) x s(x)




Example (TRS computing factorial function)

factorial(x)
fact(x,y)
if(true, x, y)
if(false, x, y)
0+y
s(x) +y
0xy
s(x) xy

X ==
eq(x, x)
chk(true)
chk(eq(x.y))

1

Lt bbbl

fact(0, x)
s(0)

fact(s(x),y) x s(x)
y

s(x+y)

0

y+ (x xy)
chk(eq(x,y))

true

true

false

@ Encoding of built-in equality of ACL2 [Vroon *07]
@ Only works for innermost termination!

== 0 —x chk(eq(0,0)) —x false




Example (TRS computing factorial function)

factorial(x)
fact(x,y)
if(true, x, y)
if(false, x, y)
0+y
s(x) +y
0xy
s(x) xy

X ==
eq(x, x)
chk(true)
chk(eq(x,y))

1

L el

fact(0, x)
If(x - y?'x’-?y)
s(0)

fact(s(x),y) x s(x)
y

s(x+y)

0

y+ (x xy)
chk(eq(x,y))

true

true

false

@ Encoding of built-in equality of ACL2 [Vroon '07]
@ Only works for innermost termination!
= Result that innermost-termination = termination for
non-overlapping TRSs useless here




Example (TRS computing factorial function)

factorial(x)
fact(x,y)
if(true, x, y)
if(false, x, y)
0+y
s(x) +y
0xy
s(x) xy

x ==
eq(x, x)
chk(true)
chk(eq(x, y))

1

L el

fact(0, x)

if(x ==y,x,y)
s(0)
fact(s(x),y) x s(x)
y

s(x+y)

0

y+(xxy)
chk(eq(x, y))
true

true

false

@ A TRS R is non-terminating iff there is an infinite reduction

I Rl —2RB >R ...

@ Often the cause for non-termination: loops




Example (TRS computing factorial function)

factorial(x) — fact(0,x)
fact(x,y) — if(x==y,x,y)
if(true,x,y) — s(0)
if(false,x,y) — fact(s(x),y) x s(x)
O+y — y
s(x)+y — s(x+y)
0><y — 0
s(x) xy — y+(xxy)
x==y — chk(eq(x,y))
eq(x,x) — true
chk(true) — true
chk(eq(x,y)) — false
fact(x,y) —= if(x==y,xy) —r if(chk(eq(x,y)),xy)
—r if(false,x,y) —gr fact(s(x),y) x s(x)
Definition (Looping TRS)
R is looping iff there are 7, C, and ;. such that ¢ —>;g Cltp].




Definition (Looping TRS)

R is looping iff there are ¢, C, and p such that ¢ —>7J5 Cltp)].

Infinite reduction: + —% Cltu] —% Cl[Cult’)] =% ClCu[Cp[ti’])] =3




Definition (Looping TRS)

R is looping iff there are ¢, C, and . such that ¢ —>;5 Cltp)].

Problem
How to find 7, C, 1, and the reduction?
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Problem
How to find 7, C, 1, and the reduction?

@ Restriction of 7 possible [FroCoS '05]:
if R is looping then t —7 C[tx] where ¢ = (o for some ¢ — r € R

But: one still has to consider all rules for the reduction.
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But: one still has to consider all rules for the reduction.

@ better: use dependency pairs
= search space for loops is decreased significantly




Definition (Looping TRS)
R is looping iff there are ¢, C, and . such that ¢ —>;5 Cltp)].

| A

Problem
How to find 7, C, 1, and the reduction?

@ Restriction of 7 possible [FroCoS ’'05]:
if R is looping then t —7 C[tx] where ¢ = (o for some ¢ — r € R

But: one still has to consider all rules for the reduction.

@ better: use dependency pairs
= search space for loops is decreased significantly

Problem
What about loopingness for innermost rewriting?




Example (Build dependency pairs DP(R) ~

R

factorial(x) — fact(0, x)
fact(x,y) — if(x ==y, x,)

if(true, x,y) — s(0)
if(false, x,y) — fact(s(x),y) x s(x)

O+y—y

s(x) +y — s(x+y)
Oxy—0

S(x) xy—=y+ (xxy)

x ==y — chk(eq(x,y))
eq(x,x) — true

chk(true) — true
chk(eq(x,y)) — false

(recursive) calls)
DP(R)
factorial* (x) — fact* (0, x)
fact’ (x,y) — iff (x == y,x,y)

fact’ (x,y) — x ==f y

if* (false, x, y)
it (false, x, y)

— fact(s(x),y) x* s(x)
— fact*(s(x), y)

s(x) +fy > x+fy

s(x) ><"y—>y+ﬁ (x x y)
s(x

X ::j y — chk* (eq(x,y))
x ==ty — eqf(x,y)




Definition (Infinite Chain ~ infinite sequence of function calls)
Let P be a set of dependency pairs, let R be a TRS.

An infinite (P, R)-chain is an infinite reduction

n —>7>l‘2—>72l3 —>7>t4—>;<3...

Theorem (Termination Criterion [ArtsGiesl *00])
R is non-terminating iff there is an infinite (DP(R), R)-chain.




Definition (Infinite Chain ~ infinite sequence of function calls)
Let P be a set of dependency pairs, let R be a TRS.

An infinite (P, R)-chain is an infinite reduction

n —>7>l‘2—>;<2t3 —>7>t4—>;<3...

Theorem (Termination Criterion [ArtsGiesl *00])
R is non-terminating iff there is an infinite (DP(R), R)-chain.

Main idea
Investigate DP problems (P, R) instead of TRS R directly:

(P, R)-chains instead of —x




Example (Detecting loops becomes simpler by DPs?)

R

factorial(x) — fact(0, x)
fact(x,y) — if(x ==y, x,y)

if(true, x,y) — s(0)
if(false, x,y) — fact(s(x),y) x s(x)

O+y—y

s(x) +y — s(x+y)
O0xy—0

S(x) xy —=y+ (x xy)

x ==y — chk(eq(x,y))
eq(x,x) — true

chk(true) — true
chk(eq(x,y)) — false

DP(R)

factorial* (x) — fact* (0, x)
fact’ (x,y) — if(x == y, x, )
fact!(x,y) - x ==y

—>fact( (x),y) x* s(x)
—>fact( (x),y)

if* (false, x, y)
it* (false, x, )

s(x) +fy > x+%y

s(x) x!y —y+ (x x y)
s(x) xty - x xty
x==Fy — chk*(eq(x,y))
x==ty—eq'(x,y)




Example (Detecting loops becomes simpler by DPs? Yes!)
First advantage: DP techniques detect non-terminating part

R

factorial(x) — fact(0, x)
fact(x,y) — if(x ==y, x,y)

if(true, x,y) — s(0)
if(false, x,y) — fact(s(x),y) x s(x)

O+y—y

s(x) +y — s(x+y)
O0xy—0

S(x) xy —=y+ (x xy)

x ==y — chk(eq(x,y))
eq(x,x) — true

chk(true) — true
chk(eq(x,y)) — false

DP(R)

factorial* (x) — fact* (0, x)
fact’ (x,y) — if(x == y, x, )
fact!(x,y) - x ==y

—>fact( (x),y) x* s(x)
—>fact( (x),y)

if* (false, x, y)
it* (false, x, )

s(x) +fy > x+%y

s(x) x!y —y+ (x x y)
s(x) xty - x xty
x==Fy — chk*(eq(x,y))
x==ty—eq'(x,y)




Example (Detecting loops becomes simpler by DPs? Yes!)

First advantage: DP techniques detect non-terminating part
fact(x,y) — iff(x==y,x)
it*(false, x,y) — fact’(s(x),y)
x==y — chk(eq(x,y))
eq(x,x) — true
chk(true) — true
chk(eq(x,y)) — false




Example (Detecting loops becomes simpler by DPs? Yes!)
First advantage: DP techniques detect non-terminating part
factﬁ(x,y) — ifﬁ(x ==y,x,Y)
it* (false, x, y) fact’ (s(x), y)

.
x==y — chk(eq(x,y))
eq(x,x) — true

chk(true) — true
chk(eq(x,y)) — false

Definition (Looping TRS)
R is looping iff there are ¢, C, and 1 such that r — Cl].

Definition (Looping DP Problem)

(P, R) is looping iff there are 7 and 1. such that 1 —p o —% 7.

Infinite chain: 1 —p o =5 » 111 —p 0 >p g i11° —p 0 —pp t? —p o

v




Example (Detecting loops becomes simpler by DPs? Yes!)
First advantage: DP techniques detect non-terminating part
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(P, R) is looping iff there are 7 and . such that 1 —p o —% 7/t

Second advantage: we do not need a context C for a loop!



Example (Detecting loops becomes simpler by DPs? Yes!)
First advantage: DP techniques detect non-terminating part
factﬁ(x,y) — ifﬁ(x ==y,x,Y)
it* (false, x, y) fact* (s(x), y)

.
x==y — chk(eq(x,y))
eq(x,x) — true

chk(true) — true
chk(eq(x,y)) — false

A\

Definition (Looping TRS)
R is looping iff there are ¢, C, and 1 such that r — Cl].

\

Definition (Looping DP Problem)

(P, R) is looping iff there are 7 and . such that 1 —p o —% 7/t

\

Second advantage: we do not need a context C for a loop!

Theorem (Equivalence of Loopingness [FroCoS ’05])
R is looping iff (DP(R),R) is looping.




Definition (Looping DP Problem)
(P,R) is looping iff there are 7 and . such that 1 —p o —% 7.

Problem: How to detect loops?
@ Forward closures [LankfordMusser 78]
@ Forward narrowing and backward narrowing
@ Overlap closures [GuttagKapurMusser ’83]



Definition (Looping DP Problem)
(P,R) is looping iff there are 7 and . such that 1 —p o —% 7.

Problem: How to detect loops?
@ Forward closures [LankfordMusser 78]
@ Forward narrowing and backward narrowing
@ Overlap closures [GuttagKapurMusser ’83]

Theorem (Loop detection by narrowing [FroCoS ’05])
(P, R) is looping if there is some { — r € P such that

@ r~prr,t (ro —=pp ')
@ (o matches V' (bop=1')
@ Loop: lo —pro —pp b =lop




Theorem (Loop detection by narrowing [FroCoS ’05])
(P, R) is looping if there is some { — r € P such that

72
or W%,R,o 4
@ /o matches !’

| \

Example
factﬁ(x,y) — ifﬁ(x ==y,X,y)
i (false, x,y) — fact!(s(x),y)
x==y — chk(eq(x,y))
eq(x,x) — true
chk(true) — true
chk(eq(x,y)) — false




Theorem (Loop detection by narrowing [FroCoS ’05])
(P, R) is looping if there is some { — r € P such that

)]
or W;;,R,a L
@ /o matches !’

| \

Example
fact'(x,y) — iff(x ==y,x,y)
if*(false, x,y) — fact(s(x),y)
x==y — chk(eq(x,y))
eq(x,x) — true
chk(true) — true
chk(eq(x,y)) — false

o r= Ifﬂ(x ==Y,%Y) "R Ifﬁ(Chk(eCI(X ¥)),X,¥)
~r.q iff(false, x,y)
~p () fact*(s(x),y)

® (o = fact’(x, y) matches fact’(s(x),y) = ¢/




Theorem (Loop detection by narrowing [FroCoS ’05])
(P, R) is looping if there is some { — r € P such that

)]
or W;;,R,a L
@ /o matches !’

| \

Example
fact'(x,y) — iff(x ==y,x,y)
if*(false, x,y) — fact(s(x),y)
x==y — chk(eq(x,y))
eq(x,x) — true
chk(true) — true
chk(eq(x,y)) — false

infinite (P, R)-chain found,

termination disproven with counterexample

N




Disproving Termination
@ Using Dependency Pairs
@ Detecting Loops

Disproving Innermost Termination
@ Decision Procedure to Detect Innermost Loops



factﬁ(x,y) — ifﬁ(x ==y,x,y)
if*(false, x,y) — fact?(s(x),y)
x==y — chk(eq(x,y))
eq(x,x) — true
chk(true) — true
chk(eq(x,y)) — false




fact!(x,y) — iff(x==y,x,y)
if*(false, x,y) — fact?(s(x),y)
GCI(X,X) —  true
chk(true) — true
chk(eq(x,y)) — false
@ Looping reduction
fact!(x,y) —p iff(x==y,x,)
—r iff(chk(eq(x,y)), x,y)
—g iff(false, x,y)

fact? (x, y) {x/s(x)}




fact'(x,y) — iff(x==1y,x,y)
if*(false, x,y) — fact?(s(x),y)
x==y — chk(eq(x,y))
eq(x,x) — true
chk(true) — true
chk(eq(x,y)) — false
@ Innermost looping?
fact(x,y) —p iff(x ==y,x,y)
—R Ifﬁ(chk(eq(x,y)),x,y)
—r if(false, x,y)

fact(x,y){x/s(x)}




Definition (Looping DP Problem)

(P, R) is looping iff there are r and 1« such that
t—po _);(?,R t.
Infinite chain:

t—=po—=pRtl—po—pp 11> —p o —PR ...




Definition (Innermost Looping DP Problem?)

(P,R) is innermost looping iff there are t and ;: such that
t '—>P o I_ﬁ?,R t.
Infinite chain:

t—=po—=pRtl—po—pp 11> —p o —PR ...




Definition (Innermost Looping DP Problem?)

(P,R) is innermost looping iff there are r and ;: such that
t '—>P o I_);;,R t.
Infinite innermost chain?:

thpobpriptpolhpin’ bpobhr ...




Definition (Innermost Looping DP Problem?)

(P,R) is innermost looping iff there are r and ;: such that
tHp o ph ot
Infinite innermost chain?: No!

t Lp o L)}S’R i L>7> o l_’;?,R 114 i—>7> o L’;?,R ...

| \

Example
fgx) — f(a(g))

a(g(g(x)) — a

“Innermost loop”: (There is no infinite innermost (P, R)-chain)

t=fl(g(x) Lp fa(a()) = t{x/g(x)}
Lp fg(g(g(x))))
75 falala(g())))

Problem: i—>7>,7z is not closed under substitutions!




Definition (Looping DP Problem)

.(P, R) is: looping iff there are r and 1. such that r —p o =% 5 11
iff there is a reduction
1=n Tl —rp ) h—raps Im Tl — TP 7%
Infinite chain
I =n —h—rp 2 “l—rpy o Im Tl —TmPm
I =np  —o-rp R Zhonpy oo Iml Tl —npm
2 2 2
t/,L = th _)Z1—>r1 sP1 t2,u _>€2—>r2,p2 v tmltz _)Zm—ﬂ‘m,pm
3 3 3
I =0p”  —p—np DRI —6h—np




Definition (Looping DP Problem)

(P,R) is looping iff there are r and : such that t —p o —% 1
iff there is a reduction

1= tl _)el—Vl,Pl tz _>‘€2—>r2’p2 T tm —>ém—>rm7pm tlu'

Infinite innermost chain
iff all direct subterms of all #;.."|,; are in R-normal form

1 =n —h—rp 2 “h—rpy e Im Tl —TmPm

I =np  —o-rp R Zhonpy oo Iml Tl —npm
2 _ 2 2 2

t/l - tlu _)Z1—>r1 sP1 t2,u _>Zz—>r2,p2 v tmll“ _)[m—ﬂ‘m,pm

3 3 3
W =0p —o—np R —h—onp




Definition (Innermost Looping DP Problem)

(P, R) is innermost looping iff
iff there is a reduction

=10 —g—rp 2 —borp - Im —ly—rmpm T

such that all direct subterms of all 7;1"|,, are in R-normal form

Infinite innermost chain

i
4 =1 ﬁelﬂrl Pl 15} ._>€2Hr2,p2 0coo [m ﬁfmerm,pm
i i i
I =n0p  “o-rp 2 honpy oo Iml T ly—rapm
2 _ 2 i 2 i 2 i
W= =np" —o-rp 2RI honp oo Wl l—rpe

3 3 i 3
tlu - tlu _>Z1—>r| Pl tZM —)Zz—ﬂ‘z,pz 000




Definition (Innermost Looping DP Problem / TRS)

(P,R)/ R is innermost looping iff
iff there is a reduction

=10 —4—rp 2 —borp - Im —ly—rmpm T / C[tﬂ]

such that all direct subterms of all ;1" |, are in R-normal form

Corresponding definition also possible for innermost looping TRSs

New Theorem (Equivalence of Innermost Loopingness)

R innermost looping iff (DP(R),R) innermost looping




Definition (Innermost Looping DP Problem / TRS)

(P,R) /R is innermost looping iff
iff there is a reduction

=10 —4—rp 2 —borp - Im —ly—rmpm T / C[W]

such that all direct subterms of all 7;1."|,, are in R-normal form

Problem
How to check “all direct subterms of all 7;.."|,, are in R-normal form”?

@ |, =f(s1,...,5). Thus, “all direct subterms of 7;1"(,,” are all s;u"
@ 51" in R-normal form iff no ¢ — r € R such that sy |, = lo



Definition (Innermost Looping DP Problem / TRS)

(P,R) /R is innermost looping iff
iff there is a reduction

=10 —4—rp 2 —borp - Im —ly—rmpm T / C[W]

such that all direct subterms of all 7;1."|,, are in R-normal form

Problem
How to check “all direct subterms of all 7;.."|,, are in R-normal form”?

@ |, =f(s1,...,5). Thus, “all direct subterms of 7;1"(,,” are all s;u"
@ 51" in R-normal form iff no ¢ — r € R such that sy |, = lo

= Innermost loopingness reducible to redex problems:
Given (s |> ¢, 1), are there n, o, p such that sp”|, = ¢o?



Definition (Innermost Looping DP Problem / TRS)

(P,R) /R is innermost looping iff
iff there is a reduction

=10 —4—rp 2 —borp - Im —ly—rmpm T / C[W]

such that all direct subterms of all 7;1."|,, are in R-normal form

Problem

How to check “all direct subterms of all 7;.."|,, are in R-normal form”?

@ |, =f(s1,...,5). Thus, “all direct subterms of 7;.."(,,” are all s;.."
@ 51" in R-normal form iff no / — r € R such that s;."|, = (o
iff redex problem (s |> /, ;) not solvable

n="fgx) — fgek)) =n{x/gx)}
g(g(9(x))) — a

Innermost loop iff redex problem (g(x) |> g(g(g(x))), {x/g(x)}) not s.



Decision Procedure to Detect Innermost Loops

Definition (Innermost Looping DP Problem / TRS)
(P,R) /R is innermost looping iff there is a reduction

P=1 —t—rp 2 7 h—mpy - Im 7 ly—rpm TH / Clty]

such that all direct subterms of all ;" |,, are in R-normal form.

transform into set of

Definition (Redex Problem)
A redex problem is a triple (s |> ¢, ). Solvable iff

there are n, o, p such that sp"|, = 4o




Definition (Redex Problem)
A redex problem is a triple (s |> ¢, ). Solvable iff

there are n, o, p such that sy |, = lo

transform into set of

Definition (Matching Problem)
A matching problem is a triple (s > ¢, ). Solvable iff

there are n, o such that su" = (o

transform into set of

Definition (Identity Problem)
An identity problem is a triple (s = ¢, u). Solvable iff

there is an n such that su" = ru"

and finally decide solvability of identity problems



Example (Redex Problems, (s |> ¢, ;1) solvable iff su*|, = (o)

fact'(x,y) — iff(x ==y,x,y)
iff(false, x,y) — fact'(s(x),y)
x==y — chk(eq(x,y))
eq(x,x) — true
chk(true) — true
chk(eq(x,y)) — false

Checking innermost loop with reduction
if*(chk(eq(x. ), x,y) —r iff(false, x,y)

results in redex problem (eq(x,y) |> eq(x. x), pu) with = {x/s(x)}




Example (Redex Problems, (s |> ¢, ;1) solvable iff su*|, = (o)

Handle (eq(x,y) |> eq(x,x), u) with = {x/s(x)}

v

New Theorem (Transforming Redex Problems into Matching Problems)
Let W = [,y V(sp"). Then the following statements are equivalent.
@ (s |> ¢, ) is solvable

@ for a non-variable subterm u of a termin {s} U {xu | x € W}
the matching problem (u > ¢, 11) is solvable




Example (Redex Problems, (s |> ¢, ;1) solvable iff su*|, = (o)

Handle (eq(x,y) |> eq(x,x), u) with = {x/s(x)}

n ‘ sp ‘ V(sp™)
0] ea(xy) [ {xy}
1] eq(s(x),y) | {xy}

Hence, W = {x,y} and u is subterm of term in {eq(x,y), s(x),y}.

o

New Theorem (Transforming Redex Problems into Matching Problems)
Let W = (U, V(sp"). Then the following statements are equivalent.
@ (s |> ¢, ) is solvable

@ for a non-variable subterm u of a termin {s} U {xu | x € W}
the matching problem (u > ¢, 1) is solvable




Example (Redex Problems, (s |> ¢, ;1) solvable iff su*|, = (o)

Handle (eq(x,y) |> eq(x,x), u) with = {x/s(x)}

Matching problems: (u > ¢, 11) for all non-variable subterms u

(eq(x,y) >eq(x,x),p) and (s(x) > eq(x,x), 1)

Hence, W = {x,y} and u is subterm of term in {eq(x,y),s(x),y}.

v

New Theorem (Transforming Redex Problems into Matching Problems)
Let W = [,y V(sp"). Then the following statements are equivalent.
@ (s |> ¢, ) is solvable

@ for a non-variable subterm u of a termin {s} U {xu | x € W}
the matching problem (u > ¢, 11) is solvable




Definition (Matching Problem)
A matching problem (s > ¢, 1) is solvable iff sy = fo.

transform into set of

Definition (Matching Problem)
An identity problem (s = ¢, i) is solvable iff sy = 14",

@ Substitution 1 = {x/s(x)}
@ (eq(x,y) > eq(x,x), u) solvable iff (x = y, u) solvable
@ (s(x) > eq(x,x), 1) not solvable




Algorithm for Identity Problems ((s = 7, 1) solvable iff 3n : sy = tu")

@ If s = ¢ then stop with result “Yes”

Q s:=su,t:=tu
© Continue with step @

All solvable identity problems will be detected!
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Algorithm for Identity Problems ((s = 7, 1) solvable iff 3n : sy = tu")

Q@ If s = ¢ then stop with result “Yes”

© If there is a shared position p of s and 7 such that
s, =f(...)and 7, = g(...) and f # g then stop with result “No”

Q If there is a shared position p of s and r such that
sl =/(...), t|, = x ¢ Dom(y) then stop with result “No” (sym.)

Q s:=su,t:=1tu
© Continue with step @

s =h({(y),1(2),1 = hix f(f(@))), p = {y/f(v), z/f(@)}




Algorithm for Identity Problems ((s = 7, 1) solvable iff 3n : sy = tu")

Q@ If s = ¢ then stop with result “Yes”

© If there is a shared position p of s and 7 such that
s, =f(...)and 7, = g(...) and f # g then stop with result “No”

Q If there is a shared position p of s and r such that
sl =f(...), t|, = x ¢ Dom(y) then stop with result “No” (sym.)

© If there is a shared position p of s and ¢ such that
S|, =, t|, =, x,y & Dom(y), and x # y then stop with result “No”

Q s:=su,t:=1tu
© Continue with step @

s = h(x,f(2),1 = h(y,f(f(@))), n = {z/f(a)}




Algorithm for Identity Problems ((s = 7, 1) solvable iff 3n : sy = tu")

Q@ If s = ¢ then stop with result “Yes”

© If there is a shared position p of s and 7 such that
s, =f(...)and 7, = g(...) and f # g then stop with result “No”

Q If there is a shared position p of s and r such that
sl =f(...), t|, = x ¢ Dom(y) then stop with result “No” (sym.)
© If there is a shared position p of s and ¢ such that
S|, = x, t|, =, x,y & Dom(ys), and x # y then stop with result “No”
Q s:=su,t:=1tu
© Continue with step @

Example (Identity problem (x = y, {x/s(x)})

In second iteration: s = s(x) and ¢t = y.
Result is “No” dueto @




Algorithm for Identity Problems ((s = 7, 1) solvable iff 3n : sy = tu")

Q@ If s = ¢ then stop with result “Yes”

© If there is a shared position p of s and 7 such that
s, =f(...)and 7, = g(...) and f # g then stop with result “No”

Q If there is a shared position p of s and r such that
sl =f(...), t|, = x ¢ Dom(y) then stop with result “No” (sym.)
© If there is a shared position p of s and ¢ such that
S|, = x, t|, =, x,y & Dom(ys), and x # y then stop with result “No”
Q s:=su,t:=1tu
© Continue with step @

Up to now:

detect identity problems which are solvable or which satisfy s> # 1>
Consider s = x,t =y, u = {x/f(y), y/f(x)}

Identity problems is not solvable, but s> = f(f(...)) = u>

= Add missing steps to detect all non-solvable problems



Algorithm for Identity Problems ((s = 7, 1) solvable iff 3n : sy = tu")

Q C:=0;While p = {x1/x2,...,xs/x1,... },n>1do p:= p"
Q@ If s = ¢ then stop with result “Yes”

© If there is a shared position p of s and ¢ such that
sl =f(...)and 7, = g(...) and f # g then stop with result “No”
Q If there is a shared position p of s and 7 such that
sl =f(...), tl, = x ¢ Dom(y) then stop with result “No” (sym.)
© If there is a shared position p of s and ¢ such that
S|, = x, t|, =, x,y & Dom(y1), and x # y then stop with result “No”
©Q Add the triple (x, p,7],) to C for all shared positions p of s and ¢
such that x = s|, # 1|, where x is an increasing variable (sym.)
@ If (x,p1,u1) € Cand (x,ps,uz) € C where

@ u; and u, are not unifiable or where
U :Mzandpl < p2

then stop with result “No”
Q s:=su,t:=1tu
© Continue with step @




New Theorem (Deciding solvability of identity problems)
The algorithm for identity problems terminates and is correct.
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= (x =y, u) not solvable
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Example (¢ = {x/s(x)})
= (x =y, u) not solvable
= (eq(x,y) > eq(x,x), u) not solvable
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= looping reduction is innermost looping




New Theorem (Deciding solvability of identity problems)

The algorithm for identity problems terminates and is correct.

Example (u = {x/s(x)})

=

=
=
=
=

(x =y, 1) not solvable

(eq(x,y) > eq(x, x), ;) not solvable

(eq(x,y) |> eq(x,x), 1) not solvable

looping reduction is innermost looping

innermost termination disproven with counterexample




Experimental data

@ Implemented in termination prover AProVE

@ Results at annual international Termination Competition
975 TRSs of Termination Problem DataBase
(< 242 non-terminating, < 179 innermost non-terminating)

\AProVE NTI TTT2 Jambox\ v

non-term. 128 117 69 16 129
innermost non-term. 95 not supported 95




Experimental data

@ Implemented in termination prover AProVE

@ Results at annual international Termination Competition
975 TRSs of Termination Problem DataBase
(< 242 non-terminating, < 179 innermost non-terminating)

\AProVE NTI TTT2 Jambox\ v

non-term. 128 117 69 16 129
innermost non-term. 95 not supported 95

All but 5 of the 128 — 95 TRSs are
not terminating, but innermost terminating
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@ New decision procedure to detect innermost loops
(works on TRSs and DP problems)
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@ Dependency pairs techniques identify non-terminating parts
@ Detect loops by narrowing

@ New decision procedure to detect innermost loops
(works on TRSs and DP problems)

@ Implemented in termination prover AProVE
http://aprove.informatik.rwth—-aachen.de

@ Outlook

e Complexity of solving identity problems
@ Prune search tree for loop detection
Conditions under which narrowing can find all loops
o Disprove (innermost) termination of non-looping TRSs



Example (Matching Problems,

({s1 > 1 ...5m > ln}, p) solvable iff s;u" = £;0 for all i)

© u={x/s(x)}

({eq(x,y) > eq(x,x)}, u)
({s(x) > eq(x,x)}, 1)
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Example (Matching Problems,
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© u={x/s(x)}
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Example (Matching Problems,

({s1>41...5m > ln}, p) solvable iff s;u" = ¢;0 for all i)

© u={x/s(x)}

({eq(x,y) > eq(x,x)}, u) = ({x > x,y > x}, 1)
({s(x) > eq(x,x)}, u) = 1

x is increasing variable (x € Vi) iff xu®> ¢ V (here, Vi, = {x})

Definition (Transforming of Matching Problems)

(M, ) is transformed if M = M’ W {s > f(l1,..., %)}
QO M= MU{s1>0,....56> b}, ifs=F(s1,...,50)
QO M= 1,ifs=g(...)andf #g
QO M= {Ju>l|s>0 e M},ifs € Vi,

O M= 1,ifs€V\ Vi

Q x> s(y) = sx) >s(y)
Q )y>sx)= L



Example (Matching Problems,

({s1>41...5m > ln}, p) solvable iff s;u" = ¢;0 for all i)

© u={x/s(x)}

({eq(x,y) > eq(x,x)}, u) = ({x > x,y > x}, 1)
({s(x) > eq(x,x)}, u) = 1

New Theorem (Transforming Matching- into Identity Problems)
@ = is confluent and terminating.
@ If (M, pn) || =L then (M, i) is not solvable.
o If (M, u) | = (M, ) then
o M = {s1>x1,...,8 > X}

o (M, ) is solvable iff for all i,j with x; = x;, s; # s; the identity
problem (s; = s;, 1) is solvable.




Example (Matching Problems,

({s1>41...5m > ln}, p) solvable iff s;u" = ¢;0 for all i)

© u={x/s(x)}

({eq(x,y) > eq(x, x)}, 1) = ({x > x,y > x}, 1)
({s(x) > eq(x,x)}, ) = L
Resulting identity problem: (x = y, 1)

New Theorem (Transforming Matching- into Identity Problems)
@ = is confluent and terminating.
@ If (M, pun) | =L then (M, u) is not solvable.
o If (M, 1) I = (M, ) then
o M = {s1>x1,...,85 > X}
o (M, ) is solvable iff for all i, j with x; = x;, s; # s; the identity
problem (s; = s;, 1) is solvable.




backward narrowing fails narrowing fails
fix,x) — f( 2, 3) g’ 0, 1,x) — gix,xx)

2 —- b a — 0

3 - b a — 1

narrowing and backward narrowing fail
fonx,y) — 0 20,y) 5 30ny) ,y)
2(0, 1) — b
3( 0, 1) b
a 0
a 1

Ll

overlap closures fail
Fxyxy,2) — (0, 1,227
a — 0
a — 1



backward narrowing fails narrowing fails

Blrx) — F(c(2),c(3))  g(c(0),c(1),x) — gixxx)
2 - b a — 0
3 - b a — 1

narrowing and backward narrowing fail
forx,y) = F(e2(1,)),c(3(:)),y)

2(c(0),c(1)) — b
3(c(0),c(l)) — b
a — 0
a — 1

overlap closures fail
f(x,y,x,y,2) — f(c(0),c(1),2,2,2)
a — 0
a — 1

Even if narrowing into variables is allowed



Example (Non-looping non-terminating TRS)

f(true,x) — f(nat(x),s(x))
nat(0) — true
nat(s(x)) — nat

Infinite reduction:

f(true, 0) —R f(nat(0),s(0)) —R
f(true,s(0))  —x  f(nat(s(0)),s(s(0))) —%
f(true,s(s(0))) —= f(nat(s(s(0))),s(s(s(0)))) —%
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