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Introduction

m Solver development benefits from challenging sets of
benchmarks.

m Industrial benchmarks often most relevant from a
practical perspective.

m But they come typically as small collections of
individual instances.
|:| Limited usability for solver development (hard to

measure scalability).

m Needed: families of benchmarks for measuring
progress
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Interesting Benchmark Families

m Have control parameters—such as size—that
provide control over the difficulty of a test case.

m Test cases with the same parameter values should
have similar computational characteristics.

m Already fairly small test cases should be challenging.

m Test cases should have structure that could be
exploited by an advanced solver.

m |t should be easy to generate large numbers of
guaranteed satisfiable (unsatisfiable) test cases of
the same size.
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SAT Benchmark Families

m A number of families of hard unsatisfiable instances
are known (Tseitin, Haken, Chvatal/Szemerédi,
Urquhard, ...).

m Generating hard guaranteed satisfiable instances
more challenging

m Random k-SAT model:
— Special techniques to guarantee satisfiability
— Relatively easy for local search

m Quasigroup completion (Achlioptas et al.)
— Large clause sets needed for hard test cases
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SAT and Equivalence Reasoning

m In application for SAT solvers XORs and
equivalences (systems of linear equations modulo 2)
occur frequently: hardware design, cryptanalysis, ...
Note: X1 ®Xo®Xs = X1+X+Xx3=1 (mod?2

m Typical approach is to translate the equations to
clauses and use a clausal solver.

m Some SAT solvers include equivalence reasoning
techniques, i.e., special methods for solving linear
equations modulo 2 presented in clausal form.

m XORSAT: systems of linear equations modulo 2
presented in CNF

m Unsatisfiable instances of XORSAT can be very hard
? for DPLL/resolution (Tseitin)
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Benchmarking Equivalence Reasoning

m In many applications solving satisfiable instances is
important.

m The goal is to devise a family of benchmarks to
address, e.g., the following questions:

m Can small satisfiable instances of XORSAT be
difficult for state-of-the-art SAT solvers?

m How well do current solvers with equivalence
reasoning techniques cope with basic XORSAT?

m How sensitive are they if a mixed problem is
considered where some nonlinearity is introduced
to basic XORSAT?

m Main result: regular XORSAT family

@ |:| Small hard satisfiable benchmarks
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Regular XORSAT

Instances of basic regular XORSAT are constructed as
follows:

m A d-regular constraint graph is selected uniformly at
random.

m A system of linear equations modulo 2 based on the
graph is constructed.

m The equations are transformed into an equivalent set
of clauses.
For simplicity we look at the case d = 3 but generalization
is straightforward.
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3-Regular Constraint Graph

m Let n be the number of variables in the instance.

A constraint graph G = (V,E)
with bipartition (X,Y)
gives the occurrences of
variables X = {Xo,X1,...,Xn-1}
in equations
Y - {y07y17 L 7Yn—1}-

m A graph is 3-regular is every node has exactly three
neighbors.

m A 3-regular constraint graph G is selected uniformly
at random from the set of all 3-regular graphs with
bipartition (X,Y).
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A System of Linear Equations

m For a given G, construct a corresponding system of
linear equations AX=b (mod 2 as follows:

m Construct matrix A according to constraint graph G:

P, O K
P P RO

e e S
O R R R

1

= Choose b as follows:
— Select uniformly at random Z € {0,1}"

—Letbe {0,1}"sothatb=AZ (mod 2.

HELSINKI UNIVERSITY OF TECHNOLOGY

Laboratory for Theoretical Computer Science

Hard Satisfiable Clause Sets forBenchmarking SAT Solvettsfguivalence Reasoning Techniqued0/34

A System of Linear Equations

m Now we have a system of linear equations
AX=b (mod2

where X = (Xg, X1, ...,Xn—1) is @ column vector of
variables.

= Note: by construction AZ=b (mod 2
|:| the system always has at least one solution

m If a unique solution is required, then the matrix A
must be invertible modulo 2.
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Hard Satisfiable Clause Sets forBenchmarking SAT Solvettsguivalence Reasoning Techniqued1/34

m For A and a randomly chosen vector Z, we get b:

1101 1 0
0 111 0 o 0
A=11 0 1 1 Z=11| » b=y
1110 1 0
m The corresponding equation system:
Xo+X1+Xx3 = 0
X1+Xo+X3 =
mod
Xo+X+x3 = 1 ( 2

X0+Xx1+X = 0
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Transformation to CNF Limiting the Pruning Power of BCP

m Done using no extra variables m A random regular graph G provides a potential highly
(mod 2 connected graph because it has a constant nonzero

m For every equation Xj, + Xj, + Xj; = bj
Y& oz | e lower bound for the expansion coeffient h(G):

we take four clauses forbidding the combinations of

truth values violating the equation. 10U | V|
h(G):min{ :UQV,1§|U\§—}
U 2
Xo+xHxs = 0 {{%0,%,%6}, {%o,x1. e}, X0, 5, %}, {0, %0, K3}, where 0gU s the boundary of U.
X+ XX = O (%0, %0, %o}, (X0, X2, X}, {X0, %, Xa}, {X1, %2, %3} | For_such a graph_ it can be sho_wn that the number of
o _ _ variables determined by BCP is linearly bounded by
Xo+Xe+x3 = 1 {Xo,X2,X3},{X0, X2, Xa}, {X0, X2, X3}, {X0, X2, X3}, the number of split variables (choice points).
Xo+txi+xe = 0 {Xo,X1, Xz}, {X0, X1, X2}, {X0, X1, X2}, {X0, X1, %2} }-. m Hence, potentially many choice points are required
and thus the DPLL search tree will be large.
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Why Regular XORSAT Difficult for DPLL? Introducing Nonlinearity
m Regular XORSAT uses similar constructions as m XORSAT instances are challenging for DPLL and
previous XORSAT families such as local search.

— random XORSAT (Ricci-Tersenghi at al.) and
— “spin glass” XORSAT (Jia et al).

m The key difference is the use of a random 3-regular
constraints graph

m However, linear equations (mod 2 can be solved in
polynomial time using Gaussian elimination.

m For solvers with equivalence reasoning techniques
we need schemes to make instances of XORSAT
m The idea is to limit the pruning power of Boolean gradually more and more challenging.
Constraint Propagation (BCP) by choosing a

: R m A solution: schemes for introducing more and more
constraint graph that is highly connected.

nonlinearity into the equations.
|:| Naive scheme, covering scheme, ...
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Naive Scheme

Idea: Make all linear equations conditional on a single
variable X.

m Introduce three new variables X,Y, z,

m insert the literal X into each original clause,

m add 7 clauses to force Xto 0 and y, zinto unique

values

Benchmarking simple equivalence reasoning techniques
(such as preprocessing): detecting the clausal represen-
tation of a set of linear equations conditional on a single
variable X.
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Covering Scheme

Idea: add a nonlinear term (XA\Y) to every equation

m Select a minimal set of variables such that every
clause contains at least one selected variable.

m For each selected variable, X, introduce a new
variable, y, and then substitute each occurrence of X
(respectively, X) in the clauses with XAy
(respectively, XAy = XV y).

m After all the substitutions have been performed,
expand any conjuncts inside disjuncts to obtain a set
of clauses.

For benchmarking dynamic equivalence reasoning
Z techniques that are applied during search.
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Generalizations

These two basic schemes can be extended as follows

m k-Nonlinear Covering Scheme:

m Instead of introducing one new variable Yy for each
selected variable X, introduce k new variables
Y1,-..,Yk for each such Xx.

= Substitute each occurrence of X (respectively, X)
in the clauses with XAy A --- A Yk (respectively,
XAY1LA -~ AYk=XVY1V---VYk), and expand
any resulting conjuncts to obtain clauses.

\ q
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Generalizations

m p-Covering Scheme.
Select a minimal set of variables such that p% of the
clauses contain at least one selected variable. Apply
the k-nonlinear covering scheme on these selected
variables only.

m pP-Mixed Covering/Naive Scheme.
As in p-covering scheme, but additionally apply the
naive scheme for the remaining (100— p)% clauses
not containing any selected variables.
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Experiments Hardness: Sat El i t eGTl

Two sets of experiments o SatEliteGTI
e+ T T 7T
. 3- lar, i _ X
m Evaluate the hardness of the basic 3-regular aregular, nonunie 7
H s T ia et al's 3- e r
XORSAT against other satisfiable families of 1e+06 ¢ random 3-XORSAT & , s s
i "0.3-hidden - -o - £ oot
InStanceS 2 100000 | rand%rs;l 3|—S§1r] e /y\xxx oo ..r" |
m Comparing solvers with equivalence reasoning g
techniques 5 10000
% 1000
3
§ 100
10
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\ :”“Jﬂ»‘“\ JT' \; \IJ\\ L ,K\‘I,‘ “ (“' “‘ “'“:“[ OGY Hard Satisfiable Clause Sets forBenchmarking SAT SolveitsSgjuivalence Reasoning Technique®1/34 \ :”“Jﬂ»‘“\ JT' \; \IJ\\ L ,K\‘I,‘ “ (“' “‘ i‘“:“l OGY Hard Sa!igfilitcf]eb(:elgugef ;eal:LigLenihmarking SAT SolvetisBgiuivalence Reasoning Technique23/34

Hardness of basic 3-regular XORSAT Hardness: zChaf f

m Evaluate the hardness of the basic construction o zChaff
. . . e e+ T T
against other satisfiable families of benchmarks 4 Cregular, unique ——
‘—regulz'alr, nonunique i:f
m 3-regular, unigue 1406 L fandom 3.XORSAT o .
. 0.618-hidden --=-- ] ,'".l .
m 3-regular, nonunique 2 100000 ranahiaden o W et
m random 3-XORSAT (at the phase transition point) 2 e
. . g .".."" = %-
m Jia et al's 3-XORSAT (“spin glass”) 5 10000 : /%@@@ioggiﬁli,?g” 1
) o Ds P " ‘,fu =io
m random 3-SAT (at the phase transition point) E oo T e AT
c o D'EIED . a
m g-hidden (“deceptive” satisfiable random 3-SAT) 5 Paps T/
. g 100 4
m using complete solvers:
SatEl i teGTIl, zChaf f, and Sat z 10 e |
m local search solvers: L ‘ ‘ ‘ ‘ ‘

Wl kSAT and Adapt i veNovel ty+ g 0 50 100 150 200 250 300

\ number of variables
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Hardness: Sat z

median number of branches
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Hardness: WAl kSAT

median number of flips
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Hardness: Adapti veNovel ty+

median number of flips
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Equivalence Reasoning
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m Compared Sat El i t eGTl, zChaf f , and Sat z

m against solvers with equivalence reasoning
techniques: mar ch_dl and EqSat z

m Measured time and number of decisions

m Three settings
m Basic 3-regular XORSAT
m Nonlinearity using the naive scheme
m Nonlinearity using the covering scheme
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DPLL solvers on instances with naive scheme
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DPLL solvers on instances with naive scheme
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median number of decisions
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Covering Scheme

DPLL solvers on instances with covering scheme
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Conclusions
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m Regular XORSAT is an interesting family of

guaranteed satisfiable instances for benchmarking.

m Number of variables works as a control parameter for
the difficulty of an instance.

m Instances of the same size have similar

computational characteristics.

m It is easy to generate large numbers of guaranteed
satisfiable test cases of the same size.

m Already fairly small test cases are challenging

|:| In SAT Competition 2005 regular XORSAT

instances (see craft ed/ | arvi sal 005) were the
smallest guaranteed satisfiable instances not solved
in the second stage (smallest had 322 variables).

HELSINKI UNIVERSITY OF TECHNOLOGY

Laboratory for Theoretical Computer Science

ard Satisfiable Clause Sets forBenchmarking SAT Solvettsfiguivalence Reasoning Technique82/34



crafted/jarvisalo05

Conclusions

m For experimental work on the case of d-regular
XORSAT with d > 3, see (Jarvisalo, AAAI-2006)

m Current equivalence reasoning techniques work
quite well for pure XORSAT

m However, in practice problems are mixed
— Hardware verification
— Cryptanalysis: stream ciphers, block ciphers, ...

m Current techniques do not yet scale up to this case.

m A possible solution:
XOR formulas are not clausified
|:| SMT solver with linear equations mod 2 theory

See, (Baumgartner/Massacci, CL2000).
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