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Korovin & Voronkov
polynomial time algorithm for deciding KBO termination

Lochner
linear time algorithm for checking compatibility with fixed KBO
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Why Encode Termination Problems as Satisfiability Problems?
e execution speed
e ease of implementation

e developments in SAT community are directly available

Why KBO?
e more challenging than LPO

Kurihara & Kondo 1997 2004 LPO
Codish, Lagoon & Stuckey 2006 LPO, QLPO

e implementations (in TTT and AProVE) based on polynomial time algorithm
Korovin & Voronkov 2001,/2003

are slow
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Definition
e quasi-precedence 2 is quasi-order on signature F

e weight function (w, wp) consists of mapping w: F — N and constant
wp > 0 such that w(c) > wy for all constants ¢ € F

e weight of term t is

wo ifteV
w(t) = . .
w(f)+ ) w(t) ift="F(t,....t,)
i=1
e weight function (w, wp) is admissible for quasi-precedence 2 if
fzg VgeF

whenever f is unary function symbol in F with w(f) =0
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Knuth-Bendix Order

Definition

Knuth-Bendix order >, on terms:

S >upo tif [s]x = |t|x for all x € V and either
O w(s) > w(t)
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Knuth-Bendix order >, on terms:
S >upo tif [s]x = |t|x for all x € V and either

O w(s) > w(t)
0 w(s) = w(t) and either
B 3n>0suchthats=f(...(A(t))...)and t €V
H s="f(s1,...,s,) and t = g(t1,...,tm) and f ~ g and 3/
Vi<i sj=t Si >kbo ti

s=1f(s1,...,50) and t = g(t1,...,tm) and f > g

Theorem
TRS R is KBO terminating if
3 quasi-precedence 2 3 admissible weight function (w, wy)

such that £ >ypo r foralll — re R
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Example TRS/SK90.2.42

flat(nil) — nil
flat(unit(x)) — flat(x
flat(x +y (

flat(unit(x) +y (
flat(flat(x)) — flat(x

X+ nil — x

— flat(x

— flat(x

—_— — — —
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)
)
)
)

+-flat(y)
+-flat(y)

KBO-3

rev(nil) — nil
rev(unit(x)) — unit(x)
rev(x +y) — rev(y) + rev(x)
rev(rev(x)) — x
(xHy)+z = x+(y+2)
nil +Hy —y
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Example TRS/SK90.2.42

flat(nil) — nil rev(nil) — nil
flat(unit(x)) — flat(x) rev(unit(x)) — unit(x)
flat(x + y) — flat(x) ++ flat(y) rev(x +y) — rev(y) + rev(x)
flat(unit(x) +y) — flat(x) ++ flat(y) rev(rev(x)) — x
flat(flat(x)) — flat(x) (x+Hy)+Hz—x+H((y+2)

X +Hnil — x nilHy —y

w(flat) = w(rev) = w(++) =0
w(unit) = w(nil) =wp =1

flat ~ rev > unit > + > nil
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Example SRS/Zantema_z113

11 — 43 33 — 56 55 — 62
12 — 21 34 — 11 56 — 12
22 — 111 44 — 3 66 — 21
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Example SRS/Zantema_z113

11 — 43 33 — 56 55 — 62
12 - 21 34 — 11 56 — 12
22 — 111 44 — 3 66 — 21

w(l) = 32471712256 w(4) = 21696293888

w(2) = 48725750528  w(5) = 44731872512

w(3) = 43247130624  w(6) = 40598731520
3>1>2  1>4
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Three Encodings SAT

@ Three Encodings
o SAT
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Aim
define propositional formula SAT(R) depending on TRS R such that

ESAT(R) = R is KBO terminating
#SAT(R) = R is not KBO terminating
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Aim
define propositional formula SAT(R) depending on TRS R such that

ESAT(R) = R is KBO terminating
#SAT(R) = R is not KBO terminating

Problem
weight function w: F — N

Solution
restrict range of weight function to {0, ..., 2K —1}  (k bits)

Revised Aim
define propositional formula SAT(R) such that

E SATA(R) = R is KBO terminating
H SAT«(R) = R is not KBO terminating in k bits
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Definition (Codish, Lagoon & Stuckey 2006)

e a = (a,...,a1)
e "a>; b’ = 1A "by !fj.:1
aj/\—|bj\/(bj—>aj)/\'—a>j,1b—' ifj>1

e "a>b' = "Ta>,b"

k
e"a=Db' = /\(a,-<—>b,-)

i=1

e"a>b'="a>b'VTa=b"
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Definition

T(@a,p)+ (b)) = (s, NP AYAC)
with

k
¥ = —ck AN A /\ (C,' — ((a,- A b,') V (a,~ A C,'_]_) V (b,’ A C,'_1)))
i=1

and
k

o = /\ (S,' — (3;@ b,'EBC;_l))
i=1

e fresh variables ¢; (0 < i < k) for carry and s; (1 < i < k) for sum
e ¢y prevents overflow

e & denotes exclusive or
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Calculating Weights

Definition

e weight of term t

N - (wo, T) iftey
W) = TET) Y w(t) T ift=f(t,...,t)

e comparing weights
T(f,e)>(g,v)" = Tf>g " Ap Ay

e admissibility condition

ADM(]:) = "wp>0" /\/\f‘c>w0“l A /\(rfzo—l _ /\(ngVYfg))
ce FO feF geF
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Three Encodings SAT

Precedence

® atom-based approach Kurihara & Kondo 1997 2004

e symbol-based approach Codish, Lagoon & Stuckey 2006
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Three Encodings SAT

Precedence

® atom-based approach Kurihara & Kondo 1997 2004

v F Xg =true < f>g
& Yg=true <<= fr~g
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Precedence

e atom-based approach Kurihara & Kondo 1997 2004

v F Xg =true < f>g
8 Y =true << f~g

PREC(F) = A (Xig A Xgn = Xa) A N\ (Xg = (Y V Ygr)) A <o

f,g,heF f,.geF
Fre#h#f f#g

e symbol-based approach Codish, Lagoon & Stuckey 2006
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Precedence

e atom-based approach Kurihara & Kondo 1997 2004

v F X =true <<= f>g
8 Y =true << f~g

PREC(F) = /\ (Xiz A Xgn = Xm) A A\ (Xgg = (Y V Ygr)) A -+

f,g,heF f,.geF
Fre#h#f f#g

e symbol-based approach Codish, Lagoon & Stuckey 2006

interpret function symbols in {0, ..., |F| =1}, using | = [log,(|F|)] bits
PREC(F) = A ((Xg —"F>g)A (Ve —"F=g")
f,g€F
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Definition

1 ifseVors=tor3Ix|s|y <|t|x
SAT(s >kbo t) = {7 w(s) >w(t)T V "w(s) =w(t) TASAT(s >/, t)
otherwise

where SAT(s >, t) is

o if s="f(s1,...,s,) and t = g(t1,...,tm)

SAT(S,' >kbo l',') if f= g
ng \Y Yfg A SAT(S,' >kbo t,') iff#g

where i is least 1 < j < min {m, n} with s; # t;

e otherwise
T
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Three Encodings SAT

Theorem
TRS R is KBO terminating if

/\ SAT(f >Kkbo r)

l—reR

is satisfiable
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Theorem
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Theorem
TRS R is KBO terminating in k bits if and only if

SAT(R) = ADM(F) A PREC(F) A J\ SAT({ >0 r)
l—reR

is satisfiable

Remark
satisfying assignment encodes precedence and weight function

Remark
V k >0d TRS Ry that is KBO terminating in k bits but not in k — 1 bits

f(g(x, ) — &(f(x), f(y)) h(x) — f(f(x)) i(x) = h?(x)
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Three Encodings PB

@ Three Encodings

o PB
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Pseudo Boolean Constraints

o —1xxg+4%x—2%x5 > 3; (constraint)
e 12345678901234567890 * x4 + 4 * x3 > 10; (constraint)

® 2xx3+3%x4=5; (constraint)
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Pseudo Boolean Constraints

e min: 1xx — 1% x3;
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e min: 1xx — 1% x3;

o —1lxxg+4%xx—2%x5 > 3;

e 12345678901234567890 * x4 + 4 * x3 > 10;

® 2xx)+ 3% x4 =5

Why PB Encoding?

e addition and comparisons for free

e |ess implementation work
e arbitrary large natural numbers

e faster ?
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Admissibility ADM-PB(F)

w(e) -

0
n*w(f) +Z (Xeg + Yeg)
geF

V constants c € F

n; Y ounary f € F

with n = |F|, W(f) =25 s o+ + 205 1, Wo = 2K Lo mgp + -+ + 20 % wey
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Precedence PREC-PB(.F) Vf,geF

2*ng—|-Yfg—|—Ygf—|—2*ng=2;
— X +2 % Y + 20 % Zg +i(F) —i(g) > 0;
2 % Xeg + Yeg + 2/ % Zeg +i(F) — i(g)

g)=z1
with | = [logy(|F|) ] and i(f) = 2/7L s f/ + - + 20 % f/
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Three Encodings PB
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Three Encodings PB

Definition

PB(s >kbo t) consists of KBOs ; =0if s€Vors=tor3x|s|x < |t]s, and
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Definition
PB(s >kbo t) consists of KBOs ; =0if s€Vors=tor3x|s|x < |t]s, and

—(m+1) % KBOs,: + W(s) — w(t) + KBO, , > — m; PB(s >y, t)
where m = 2¥ x |t| and PB(s >|,_t)is
o ifs="1(s1,...,5,) and t = g(t1,...,tm)

~KBO., + KBO,,;, > 0 if f=g

PB(s; > ti);
(5 >0 1) {_2*K30;1t+2*xfg+Yfg+KBos,.,t,-20 iff # g

where i is least 1 < j < min {m, n} with s; # t;
e otherwise

(empty constraint)

otherwise
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Three Encodings PB

Example

PB(s >kbo t) for s = f(g(x),g(g(x))) and t = f(g(g(x)), x)
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Three Encodings PB

Example

PB(s >kbo t) for s = f(g(x),g(g(x))) and t = f(g(g(x)), x)

—KBO;,: + w(g) + KBO; > 0;
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=
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Example

PB(s >kbo t) for s = f(g(x), g(g(x))) and t = f(g(g(x)), x)

—KBO;,: + w(g) + KBO, , > 0;
— KBO, , + KBOy () g(s()) = 0
— (25 4 1) % KBOy() 5(5(x)) — W(8) + KBO} () ety = —25;
KBO () g(g()) + KBOsg() = 0;
KBO, z() = 0;
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Three Encodings PB

Theorem
TRS R is KBO terminating if

ADM-PB(F); PREC-PB(F); <PB(£ >ibo r); KBOy, = 1;)
{—reR

is satisfiable
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Theorem
TRS R is KBO terminating in k bits if and only if

PB«(R) = ADM-PB(F); PREC-PB(F); (PB(e Sibo 1); KBOy, = 1;)
l—reR

is satisfiable
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Satisfiability Modulo Theories
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Satisfiability Modulo Theories

e theory: integer linear arithmetic

e solvers: Barcelogic, CVC3, MathSAT, Yices, Z3, ...
supports

e (easy to use) own format

e (cryptic) SMT-LIB format

HZ & AM (ICS @ UIBK) KBO-3 25/38



Example

part of Yices encoding of f(x) — g(x)

(define wf::nat)
(define wg::nat)
(define pf::nat)
(define pg::nat)

(assert
(or
(> wf wg)
(and
(= wf wg)
(or (> pf pg) (and (= pf pg) false)))))

(check)

HZ & AM (ICS @ UIBK) KBO-3
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Example

part of Yices encoding of f(x) — g(x)

(define wf::nat)
(define wg::nat)
(define pf::nat)
(define pg::nat)

(assert

(or
(> wf wg)
(and
(= wf wg)

(or (> pf pg) (and (= pf pg) false)))))
(check)

no encoding !
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Experimental Results

@ Experimental Results
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Strict Precedence

865 TRSs in version 3.2 of TPDB

method (# bits)  total time # successes  # timeouts (60s)

T 119.89 7 1
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865 TRSs in version 3.2 of TPDB

method (# bits)  total time # successes  # timeouts (60s)
T 119.89 7 1

sat /pb (2) 17.67/ 15.29 72/ 76 0/0

sat /pb (3) 19.05/ 15.20 77/ 77 0/0

sat /pb (4) 20.71/ 15.43 78/ 78 0/0

sat /pb (10)  108.61/ 23.30 78/ 78 1/0
smt 14.86 78 0
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Strict Precedence

865 TRSs in version 3.2 of TPDB

method (# bits)  total time # successes  # timeouts (60s)
T 119.89 7 1
sat’ /pb (2) 17.76/ 15.29 76/ 76 0/0
sat'/pb (3) 19.38/ 15.20 77/ 77 0/0
sat’ /pb (4) 21.45/ 15.43 78/ 78 0/0
satf/pb (10)  102.23/ 23.30 78/ 78 1/0
smt 14.86 78 0

T extra bits for immediate results on demand
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Strict Precedence

1358 TRSs in version 4.0 of TPDB

method (# bits)  total time # successes  # timeouts (60s)
T 335.20 101 1

sat /pb (2) 42352/ 98.18 90,/104 2/0

sat /pb (3) 425.86/ 97.28 106/106 2/0

sat /pb (4) 434.12/ 98.43 107/107 2/0

sat /pb (10)  779.91/178.99 107/107 5/1
smt 29.83 107 0

HZ & AM (ICS @ UIBK) KBO-3 28/38



Strict Precedence

1358 TRSs in version 4.0 of TPDB

method (# bits)  total time # successes  # timeouts (60s)
T 335.20 101 1
satt/pb (2) 421.99/ 98.18 104/104 2/0
satt /pb (3) 428.99/ 97.28 106/106 2/0
sat’/pb (4) 437.43/ 98.43 107/107 2/0
sat'/pb (10)  790.50/178.99 107/107 5/1
smt 29.83 107 0

T extra bits for immediate results on demand

HZ & AM (ICS @ UIBK) KBO-3 28/38



Example TRS /various_21

pl+pl — p2 pl+ (pl+x) — p2+ x
p2 +pl — pl + p2 p2 + (pl + x) — pl + (p2 + x)
p5+ pl — pl + p5 p5 + (pl + x) — pl + (p5 + x)
p5 + p2 — p2 + pb p5 + (p2 + x) — p2 + (p5 + x)
p5 + p5 — pl0 p5 + (p5 + x) — pl0 + x
pl0+ pl — pl + pl0 pl0 + (pl + x) — pl + (p10 + x)
pl0 + p2 — p2 + pl10 p10 + (p2 + x) — p2 + (p10 + x)
pl0 + p5 — p5 + p10 p10 + (p5 + x) — p5 + (p10 + x)
pl + (p2 + p2) — p5 pl + (p2 4 (p2 + x)) — p5 + x
p2 + (p2 + p2) — pl + pb p2 + (p2 + (p2 + x)) — pl + (p5 + x)

(x+y)tz—=x+(y+2)
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p5 + p5 — pl0 p5 + (p5 + x) — pl0 + x
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pl0 + p5 — p5 + p10 p10 + (p5 + x) — p5 + (p10 + x)
pl + (p2 4+ p2) — p5 pl + (p2 4 (p2 + x)) — p5+ x
p2 + (p2 + p2) — pl + pb p2 + (p2 + (p2 + x)) — pl + (p5 + x)

(x+y)tz—=x+(y+2)

w(pl) = w(p2) =4 w(p5) =6 w(pl0) =11 w(+)=0
p2 > pl p5 > pl pl0 > pl
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pl + pl — p2 pl + (pl + x) — p2 + x
p2 +pl — pl + p2 p2 + (pl + x) — pl + (p2 + x)
p5+ pl — pl + p5 p5 + (pl + x) — pl + (p5 + x)
p5 + p2 — p2 + pb p5 + (p2 + x) — p2 + (p5 + x)
p5 + p5 — pl0 p5 + (p5 + x) — pl0 + x
pl0 + pl — pl + pl0 p10 + (pl + x) — pl + (p10 + x)
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pl + (p2 4+ p2) — p5 pl + (p2 4 (p2 + x)) — p5+ x
p2 + (p2 + p2) — pl + pb p2 + (p2 + (p2 + x)) — pl + (p5 + x)

(x+y)tz—=x+(y+2)

w(pl) = w(p2) =4 w(p5) =6 w(pl0) =11 w(+)=0
p2 > pl p5 > pl pl0 > pl

sat(4) 0.09 smt 0.06
pb(4) 0.05
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Example TRS /various_21

pl + pl — p2 pl + (pl + x) — p2 + x
p2 +pl — pl + p2 p2 + (pl + x) — pl + (p2 + x)
p5+ pl — pl + p5 p5 + (pl + x) — pl + (p5 + x)
p5 + p2 — p2 + pb p5 + (p2 + x) — p2 + (p5 + x)
p5 + p5 — pl0 p5 + (p5 + x) — pl0 + x
pl0 + pl — pl + pl0 p10 + (pl + x) — pl + (p10 + x)
pl0 + p2 — p2 + pl10 p10 + (p2 + x) — p2 + (p10 + x)
pl0 + p5 — p5 + p10 p10 + (p5 + x) — p5 + (p10 + x)
pl + (p2 4+ p2) — p5 pl + (p2 4 (p2 + x)) — p5+ x
p2 + (p2 + p2) — pl + pb p2 + (p2 + (p2 + x)) — pl + (p5 + x)

(x+y)tz—=x+(y+2)

w(pl) = w(p2) =4 w(p5) =6 w(pl0) =11 w(+)=0
p2 > pl p5 > pl pl0 > pl

sat(4) 0.09 smt 0.06
pb(4) 0.0 TT  4016.23

HZ & AM (ICS @ UIBK) KBO-3 29/38



Example TRS/HM_t000

0+0—0 140—1 -+ 94+0—9
0+1—1 1+1—2 o 941—1:0
0+2—2 14+2—3 e 9425111
0+8—8 14+8—9 e 948—1:7
0+9—-9 1+9—-1:0 --- 94+9—-1:8
x+(y:2z) = y:(x+2) 0:x—x

(x:y)+z—=x:(y+2) x:(y:z2)—=(x+y):z
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Example TRS/HM_t000

0+0—0 140—1 -+ 94+0—9
0+1—1 1+1—2 - 94+1—-1:0
0+2—2 14+2—3 e 9425111
0+8—8 14+8—9 e 948—1:7
0+9—-9 149—1:0 --- 949—1:8
x+(y:2z) = y:(x+2) 0:x—x
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Example TRS/HM_t000

0+0—0 140—1 -+ 94+0—9
0+1—1 1+1—2 - 94+1—-1:0
0+2—2 14+2—3 e 9425111
0+8—8 14+8—9 e 948—1:7
0+9—-9 149—1:0 --- 949—1:8
x+(y:2z) = y:(x+2) 0:x—x

(x:y)+z—=x:(y+2z) x:(y:z2)—=(x+y):z

w(0) =w(l) =w2)=wB)=w(4)=1 w(+)=7
w(5) = w(6) = w(7) = w(8) = w(9) =2 w(:)=38 + >

sat(4) 0.41 smt 0.15
pb(4) 0.35 T 7
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Quasi Precedence

865 TRSs in version 3.2 of TPDB

method (# bits)  total time # successes  # timeouts (60s)
sat/pb (2) 20.13/ 15.96 73/ 17 0/0
sat/pb (3) 21.70/ 15.97 78/ 78 0/0
sat/pb (4) 23.60/ 16.28 79/ 79 0/0
sat/pb (10)  103.48/ 28.64 79/ 79 1/0

smt 14.60 79 0

HZ & AM (ICS @ UIBK) KBO-3 31/38



Quasi Precedence

1358 TRSs in version 4.0 of TPDB

method (# bits)  total time # successes  # timeouts (60s)
sat/pb (2) 451.70/160.26 92/104 2/1
sat/pb (3) 457.77/133.13 107/107 2/0
sat/pb (4) 466.39/142.50 108/108 2/0
sat/pb (10) 833.87/229.08 108/108 5/1

smt 30.80 108 0

HZ & AM (ICS @ UIBK) KBO-3 31/38



String Rewrite Systems

322 SRSs in version 3.2 of TPDB

method (# bits) total time # successes  # timeouts (60s)

T 48.01 30 0
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String Rewrite Systems

322 SRSs in version 3.2 of TPDB

method (# bits) total time # successes # timeouts (60s)
T 48.01 30 0

sat/pb (2) 5.20/ 4.93 8/19 0/0

sat/pb (3) 5.92/ 4.77 17/24 0/0

sat/pb (4) 5.90/ 4.80 24/30 0/0

sat/pb (7) 8.93/ 5.54 33/33 0/0

sat/pb (10)  13.64/ 8.1 33/33 0/0
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String Rewrite Systems

322 SRSs in version 3.2 of TPDB

method (# bits) total time # successes # timeouts (60s)
T 48.01 30 0
sat/pb (2) 5.20/ 4.93 8/19 0/0
sat/pb (3) 5.92/ 4.77 17/24 0/0
sat/pb (4) 5.90/ 4.80 24/30 0/0
sat/pb (7) 8.93/ 5.54 33/33 0/0
sat/pb (10)  13.64/ 8.1 33/33 0/0
smt 5.67 33 0

HZ & AM (ICS @ UIBK) KBO-3 32/38



String Rewrite Systems

703 SRSs in version 4.0 of TPDB

method (# bits) total time # successes # timeouts (60s)
T 55.83 30 0
sat/pb (2) 10.29/ 9.51 8/19 0/0
sat/pb (3) 11.15/ 9.39 17/24 0/0
sat/pb (4) 12.01/ 9.50 24/30 0/0
sat/pb (7) 15.97/10.50 33/33 0/0
sat/pb (10)  22.20/13.43 33/33 0/0
smt 11.78 33 0

HZ & AM (ICS @ UIBK) KBO-3 32/38



Example SRS/Zantema_z113

11 — 43 33 — 56 55 — 62
12 — 21 34 — 11 56 — 12
22 — 111 44 — 3 66 — 21
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11 — 43 33 — 56 55 — 62
12 — 21 34 — 11 56 — 12
22 — 111 44 — 3 66 — 21
w(1l) = 32471712256 w(4) = 21696293888
T w(2) = 48725750528 w(5) = 44731872512
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3>1>2 1>4
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Example

SRS/Zantema_z113

11 — 43 33 — 56 55 — 62
12 — 21 34 — 11 56 — 12
22 — 111 44 — 3 66 — 21
w(l) = 32471712256  w(4) = 21696293888
Lo w(2)=4872575058  w(5) = 44731872512
T w(3) = 43247130624 w(6) = 40598731520
3>1>2 1>4
w(l) =31 w(2) = 47 w(3) =41
sat(7) w(4) =21 w(5) =43 w(6) =39

HZ & AM (ICS @ UIBK)

3>56>6>1>4 1>2
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Example

SRS/Zantema_z113

11 — 43 33 — 56 55 — 62
12 — 21 34 11 56 — 12
2 - 111 44 -3 66 — 21
w(l) = 32471712256 w(4) = 21696293888
Lo w(2)= 48725750528 w(5) = 44731872512
T w(3) = 43247130624 w(6) = 40598731520
3>1>2 1>4
w(l) =64 w(2) =97 w(3) =85
pb(7) w(4) =43 w(5) =85 w(6) = 89

HZ & AM (ICS @ UIBK)

3>1>5>2~6>4

KBO-3
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Example

SRS/Zantema_z113

11 — 43 33 — 56 55 — 62
12 — 21 34 — 11 56 — 12
22 — 111 44 — 3 66 — 21

TqT

smt

HZ & AM (ICS @ UIBK)

w(1l) = 32471712256 w(4) = 21696293888

w(2) = 48725750528 w(5) = 44731872512

w(3) = 43247130624 w(6) = 40598731520
3>1>2 1>4

w(l) =61 w(2) =92 w(3) =81
w(4) =41 w(5) =85 w(6) =77
6>3>1>2>5>14

KBO-3 33/38



Concluding Remarks

@ Concluding Remarks
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e SMT is best

e 'no’ implementation effort
e very fast
e no restriction on number of bits

Three Remarks
e objective function in PB is useful for finding minimal weights
e results ‘extend’ to combination of KBO with dependency pairs
e our experiments revealed bugs:
sat — AProVE 1.2 (implementation of KBO with quasi-precedence)
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e 'no’ implementation effort
e very fast
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Three Remarks
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Summary

e PB is better than SAT

e less implementation effort
e our SAT encoding (based on simulating adders) destroys
arc-consistency

e SMT is best

e 'no’ implementation effort
e very fast
e no restriction on number of bits

Three Remarks
e objective function in PB is useful for finding minimal weights
e results ‘extend’ to combination of KBO with dependency pairs

e our experiments revealed bugs:
smt — CVC3

HZ & AM (ICS @ UIBK) KBO-3 35/38



Much Related Work
e LPO/RPO

e argument filtering in dependency pair setting
e matrix interpretations

e polynomial interpretations

e semantic labeling

® nontermination

HZ & AM (ICS @ UIBK) KBO-3 36/38
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e intermediate course on resolution

e several advanced courses
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