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Context - Motivations



Controller Synthesis
An int roduct ion to hybrid automta 9

Fig. 4. Hybrid automata for the burner and the thermometer
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Condit ions 1 and 2 express that discrete changes that are local to one
automaton have the enabling condit ion and the e! ect described by the
jump predicate of that automaton and the variables which are not shared
remain unchanged. Condit ion 3 expresses that discrete changes shared
by the two automata have as enabling condit ion the conjunct ion of the
enabling condit ions of each discrete change. Their e! ect is the conjunct ion
of the e! ects of each discrete change.
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System Math. model
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is satisfied

Hybrid automata



Two-player 
game structures
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Rounded positions 
belong to Player I 

(Controller)

Square positions 
belong to Player 2 

(Environment)



A game is played as follows: in each round , the game is in a position , if 
the game is in a rounded position, Player I resolves the choice  for the next 
state, if the game is in a square position, Player 2 resolves the choice. The 
game is played for an inÞnite number of  r ounds .
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Rounded positions belong to Player I
Square positions belong to Player 2
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Play : 0000  0100  0101 1101 ... 

Is this a good  or a bad  play for Play er k ?

Who is winning ?



0000

0101

1010

0100

1000

1101

1110

1111

Who is winning ?

A winning condition  (for Player k) 
is a set of plays
W ! (Q1 " Q2)!



Game
=

T wo-play er g ame str uctur e
+ 

W inning condition for Play er k



Strategies
Players are playing accor ding to str ategies.

A str ateg y for Play er I  is a function that, given 
a sequence of positions (visited so far) that ends in a 
Player IÕs position, returns the choice for the next 
position.

 λ1(0011 1001 1101 0011)=1110

prefix of play

Player I’s
position

Choice for 
the next position



Strategies
Players are playing accor ding to str ategies.

A str ateg y for Play er I  is a function that, given 
a sequence of positions (visited so far) that ends in a 
Player IÕs position, returns the choice for the next 
position.

 λ1(0011 1001 1101 0011)=1110

prefix of play

Player I’s
position

Choice for 
the next position

Strategies for Player II
are defined symetrically



Outcome of strategies
If we Þx  a strategy for the two players and we let the 
two players apply their strategies, we get a play:

Outcome(λ1,λ2)=1100 0011 0001 0011 ...

If we fix a strategy only  for Player I, we get a set of plays

Outcome(λ1)=         Outcome (λ1,λ2)! ! 2

A strategy for Player I is winning  for objective W iff

Outcome(λ1) <j W



Outcome of strategies

A strategy for Player I is winning  for objective W iff

Outcome(λ1) <j W

That is, no matter how Player II resolves his choices, 
when player I plays  accor ding  to  λI the resulting 
play belongs to W.  

Player I can for ce the play to be in W.



W inning str ategies

=

Contr oller s that enfor ce 
winning plays



Safety Games
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A Safety Game

Does Player I, who owns the rounded positions, have a strategy 
(against any choices of Player II) to stay within the set of states

 ?Q \ { 1111}



Symbolic algorithms to 
solve games



Symbolic algorithm for 
safety games

Bad

From where can Player I avoid Bad ?
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Symbolic algorithm for 
safety games
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Bad

From where can Player I avoid Bad ?

Symbolic algorithm for 
safety games



Bad

From where can Player I avoid Bad ?

Iterate until
stabilization.

Symbolic algorithm for 
safety games
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Bad

From where can Player I avoid Bad ?

Symbolic algorithm for 
safety games



Bad

From where can Player I avoid Bad ?

Stabilization !

Symbolic algorithm for 
safety games



This is exactly the set of states 
where Player I has a strategy 

to avoid the bad states.

Symbolic algorithm for 
safety games



Player 1 Controllable 
Predecessors

Set of Player I positions where she has 
a choice of successor that lies in X

Set of Player II positions where all
her choices for successors lie in X

1CPreG (X ) = { q ! Q1 | " q′ : ! (q, q′) # q′ ! X } $ { q ! Q2 | %q′ : ! (q, q′) : q′ ! X }

X is a set of positions



Player 1 Controllable 
Predecessors

1CPreG (X ) = { q ! Q1 | " q′ : ! (q, q′) # q′ ! X } $ { q ! Q2 | %q′ : ! (q, q′) : q′ ! X }

2CPreG (X ) = { q ! Q2 | " q′ : ! (q, q′) # q′ ! X } $ { q ! Q1 | %q′ : ! (q, q′) : q′ ! X }

SymmetricallyMonotonic functions over !2Q 1 ! Q 2 , " #

Complete lattice



Similar fixed point algorithms exist for 
any omeg a-r egula r objectiv es

µX áQ ! 1CPre(X )

Reachability game for set Q

Let                         be a TGS, let               
               be safety game defined on 
G, Player I has a winning strategy for 
this game iff 

G = 〈Q1, Q2, !, " 〉

Theorem

Safe(G, Q)

! ! " X áQ " 1CPre(X )



Games of imperfect 
information



Finite precision = imperfect information

Typical hybrid system

The temperature 
is in the interval 

(c ! 1, c + 1)

Perfect information hypothesis?



Player 0 chooses a letter
Player 1 resolves nondeterminism
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Slight generalization of
incomplete information
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Obs 0

Imperfect information

When observing Obs 0, 
there is no unique good choice: 

memory is necessa ry



Games / Strategies

Our objective is to find an algorithm to construct 
observation based str ategies  that avoid Bad.

- A game of imperfect information: 
game structure + observation structure

-Observation structure : (Obs ,! ) where Obs  is a finite 
set of observations and !  maps every observation to a 
set of states (we require that every state has at least 
one observation).

-A observation based strategy is a function  that maps 
every sequence o1σ1o2...on to a letter in Σ.
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Games / Strategies
- A game of imperfect information: 

game structure + observation structure

-Observation structure : (Obs ,! ) where Obs  is a finite 
set of observations and !  maps every observation to a 
set of states (we require that every state has at least 
one observation).

-A observation based strategy is a function  that maps 
every sequence o1σ1o2...on to a letter in Σ.

Our objective is to find an algorithm to construct 
observation based str ategies  that avoid Bad.

Notation: a game structure of 
imperfect information is a tuple 

(S,S0,Σ,→,Obs,γ).
Those games generalize games 
of perfect information
where Obs=S  and !  is the 
identity function

Those games generalize games 
of incomplete information:
in that case Obs pa r titions 
the state space S. [Rei84]



Classical Approaches

• To solve games of perfect information : 

• (elegant) fixed point algorithms using a 
controllable predecessor operator

• To solve games of imperfect information 

• [Reif84] builds a game of perfect 
information using a knowledge-based 
subset construction and then solve this 
games using classical techniques
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After a finite prefix of a game, Player I has a 
partial knowledge of the current state of the 

game : a set of  states



Classical Approaches

• To solve games of perfect information : 

• (elegant) fixed point algorithms using a 
controllable predecessor operator

• To solve games of imperfect information 

• [Reif84] builds a game of perfect 
information using a knowledge-based 
subset construction and then solve this 
games using classical techniques

After a finite prefix of a game, Player I has a 
partial knowledge of the current state of the 

game : a set of  states
We propose here a new 
solution that avoids the 
pr elimina ry  explicit 
subset construction.
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(i)  s does not intersect with Bad ,
(ii)  there exists   s.t. the set of possible successors of s by    is               
covered by q
! (a)  no matter how the adversary resolves non-determinism, 
! (b)  no matter the compatible observation Obs

A fixed point algorithm
We define a controllable predecessor operator for 
a set of sets of states q

CPre(q) = { s ⊆ Bad | ∃! ∈ " á∀obs∈ Obsá∃s! ∈ q : Post! (s) ∩ #(obs) ⊆ s!}

CPre(q) = &{ s ⊆ Bad | ∃! ∈ " á∀obs∈ Obsá∃s! ∈ q : Post! (s) ∩ #(obs) ⊆ s!} '

Here we drop the assumption that S is finite. Let R = { r 1, r 2, . . . , r l} be a
finite partition of S.

DeÞniti on 6 [R-stable] A game of imperfect information !S, S0, Σ, " , Obs, γ#
is R-stable if for every σ $ Σ the following conditions hold:

(i ) Enabled(σ) is R-definable;
(ii ) for every r $ R, Postσ(r ) is R-definable;

(ii i ) for any r, r ′ $ R, if for some x $ r , Postσ({ x} ) %r ′ &= ' then for any x $ r ,
Postσ({ x} ) %r ′ &= ' ;

(iv ) furthermore, for every obs $ Obs, γ(obs) is R-definable.

Theorem 1. Let G = !S, S0, Σ, " , Obs, γ# be a R-stable gameof imperfect in-
formation. The greatest Þxed point of CPre is a R-deÞnableantichain and is
computable.

Here we drop the assumption that S is finite. Let R = { r 1, r 2, . . . , r l} be a
finite partition of S.

DeÞniti on 6 [R-stable] A game of imperfect information !S, S0, Σ, " , Obs, γ#
is R-stable if for every σ $ Σ the following conditions hold:

(i ) Enabled(σ) is R-definable;
(ii ) for every r $ R, Postσ(r ) is R-definable;

(ii i ) for any r, r ′ $ R, if for some x $ r , Postσ({ x} ) %r ′ &= ' then for any x $ r ,
Postσ({ x} ) %r ′ &= ' ;

(iv ) furthermore, for every obs $ Obs, γ(obs) is R-definable.

Theorem 1. Let G = !S, S0, Σ, " , Obs, γ# be a R-stable gameof imperfect in-
formation. The greatest Þxed point of CPre is a R-deÞnableantichain and is
computable.
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Example

q ={A, B}
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Maximal sets

It is enough to keep only
 the maximal sets

If there is a strategy for set A, 
there is a strategy for any B included in A

CPre(q) = {s ! Bad | " σ # Σ · $obs# Obs· " s′ # q : Post! (s) %γ(obs) ! s′}

CPre(q) = [{s ! Bad | " σ # Σ · $obs# Obs· " s′ # q : Post! (s) %γ(obs) ! s′}]



Antichains

DeÞniti on 1 [Two-player games] A two-player game is a tuple !S, S0, ! , "# .

DeÞniti on 2 [Observation set] An observation set of S is a couple (Obs, " )
where " : Obs" 2S .

DeÞniti on 3 [Observation based strategy] An observation based strategy is a
function # : Obs+ " ! .

Obs= s
G = !S, S0, ! , " , Obs, " #

CPre(q) = {s $ Bad | %$ & ! · ' obs& Obs· %s′ & q : Postσ(s) ( " (obs) $ s′}

CPre(q) = [{s $ Bad | %$ & ! · ' obs& Obs· %s′ & q : Postσ(s) ( " (obs) $ s′}]

DeÞniti on 4 [Antichain of sets of states] An antichain on the partially ordered
set !2S , $# is a set q $ 2S such that for any A, B & q we have A )* B .

Let us call L the set of antichains on S.

DeÞniti on 5 [+ ] Let q, q′ & 22S
and define q + q′ if and only if

' A & q : %A ′ & q′ : A $ A ′

.

!L, +# is a complete lattice.
The minimal element is , , the maximal element {S}.

Definition 1 [Two-player games] A two-player game is a tuple !S, S0, Σ, "# .

Definition 2 [Observation set] An observation set of S is a couple (Obs, γ)
where γ : Obs" 2S.

Definition 3 [Observation based strategy] An observation based strategy is a
function λ : Obs+ " Σ.
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G = !S, S0, Σ, " , Obs, γ#
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The minimal element is , , the maximal element { S} .
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CPre(q) = {s ⊆ Bad | ∃$ ∈ ! · ∀obs∈ Obs· ∃s! ∈ q : Post! (s) ∩ " (obs) ⊆ s!}

CPre(q) = [{s ⊆ Bad | ∃$ ∈ ! · ∀obs∈ Obs· ∃s! ∈ q : Post! (s) ∩ " (obs) ⊆ s!}]

DeÞniti on 4 [Antichain of sets of states] An antichain on the partially ordered
set 〈2S ,⊆〉 is a set q⊆ 2S such that for any A, B ∈ q we have A )⊂ B .
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Definition 1 [Two-player games] A two-player game is a tuple !S, S0, ! , "# .

Definition 2 [Observation set] An observation set of S is a couple (Obs, " )
where " : Obs" 2S.

Definition 3 [Observation based strategy] An observation based strategy is a
function # : Obs+ " ! .

Obs= s
G = !S, S0, ! , " , Obs, " #

CPre(q) = { s $ Bad | %$ & ! á' obs& Obsá%s′ & q : Postσ(s) ( " (obs) $ s′}

CPre(q) = [{ s $ Bad | %$ & ! á' obs& Obsá%s′ & q : Postσ(s) ( " (obs) $ s′} ]

Definition 4 [Ant ichain of sets of states] An antichain on the partial ly ordered
set !2S , $# is a set q $ 2S such that for any A, B & q we have A )* B .

Let us call L the set of antichains on S.

Definition 5 [+ ] Let q, q′ & 22S
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lub : q1 ! q2 = "{ s | s # q1 $ s # q2} %

glb : q1 ! q2 = "{s1 ∩ s2 | s1 ∈ q1 ∧ s2 ∈ q2}&



CPre over antichains

• CPre is a monotone  function over 
the lattice of antichains

• CPre has a least and a greatest fixed 
point

CPre(q) = {s ! Bad | " σ # Σ · $obs# Obs· " s′ # q : Post! (s) %γ(obs) ! s′}

CPre(q) = [{s ! Bad | " σ # Σ · $obs# Obs· " s′ # q : Post! (s) %γ(obs) ! s′}]

Adva nta ge : we only keep the 
needed information  to find a strategy



Controllable predecessors For q ∈ L , define the set of controllable predecessors of q
as follows:

CPre(q) = [{ s ⊆ S | ∃! ∈ " c : s ⊆ Enabled(! )

∧∀obs∈ Obs, ∃s! ∈ q : Post! u (Post" (s)) ∩ #(obs) ⊆ s!} ]

Let us consider an antichain q = { s!
0, s!

1, . . . } . A set s belongs to CPre(q) iff (i ) there
is a controllable action ! that is enabled in each state of s, (i i ) when the controller
plays ! , any observation compatible with the next state reached by the game (after the
environment has played) suffices to determine in which set s!

i of q that next state lies 1,
and (i i i ) s is maximal .

Lemma 11 The operator CPre : L → L ismonotonefor thepartial ordering(.

Remark The controllable predecessor operator is alsomonotonew.r.t. theset of obser-
vations in the following sense: given a two-player game G, let CPre1 (resp. CPre2)

be the operator defined on the set of observations (Obs1, #1) (resp. (Obs2, #2)). If
{ #2(obs) | obs ∈ Obs2} ( { #1(obs) | obs ∈ Obs1} , then for any q ∈ L we have

CPre1(q) ( CPre2(q). That corresponds to the informal statement that it is easier to
control a system with more precise observations.

Theorem 12 Let G = 〈S, S0, " c, " u ,→, Obs, #〉 bea gameof imperfect information.
Thereexists an observation based strategy winning on G if and only if

{ S0 ∩ #(obs) | obs∈ Obs} (
⊔

{ q | q = CPre(q)} . (1)

Before proving this theorem, we give some intuition. We denote by Win the set
⊔

{ q | q = CPre(q)} which is the greatest fixed point of CPre. Condition (1) states
that any observation of the initial state x0 suffices to determine in which set s of Win
the game has been started. Since Win is a fixed point of the controllable predecessor
operator, we know that in each set s of Win we have a controllable action that can be
played by the controller in every state x ∈ s such that (i ) the state z reached after the
move of the environment lies in one of the sets s! of Win whatever the environment
does and, such that (i i ) the set s! can be determined using any observation compatible

with z. Following this, there exists a winning strategy if Condition (1) holds. The other
direction of the theorem is a direct consequence of Tarski’s Theorem.

Proof of Theorem 12.
First, we give an effective construction of a winning strategy for G. For q ∈ L

and ! ∈ " c, let $(q, ! ) = [{ s ∈ S | s ⊆ Enabled(! ) and ∀obs ∈ Obs, ∃s! ∈
q : Post! u (Post" (s)) ∩ #(obs) ⊆ s!} ] be the set of controllable predecessors of q
for the action ! . From the greatest fixed point Win of CPre, we define the finite state
automaton A = 〈Q, q0, L , %〉 where

Ð Q = Win∪ { q0} where q0 /∈ Win,

1 The quantification over obs is universal since for observations that are incompatible with the

new state, the condition holds trivially.

Let G = !S, S0, Σ, " , Obs, γ#

CPre(q) = { s $ Bad | %σ & Σ á' obs & Obs á%s! & q : Post! (s) ( γ(obs) $ s!}

CPre(q) = [{ s $ Bad | %σ & Σ á' obs & Obs á%s! & q : Post! (s) ( γ(obs) $ s!} ]

be a two-player game of imperfect 
information. Player 1 has a winning 

observation based strategy to avoid Bad, if f

We can extract a strategy from the fixed point

Main theorem
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Let us compute the gfp of CPre over L.

Does Player 0 have an observation 
based strategy to avoid Bad ?
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q0 = !

q1 = { { 1, 2, 3} a,b}

q2 = CPre({{1, 2, 3}})

= { { 2} b, { 1, 3} a}

Indeed,
Posta({ 1, 3} ) ! { 1, 2, 4} " { 1, 2, 3}
Posta({ 1, 3} ) ! { 1, 3} " { 1, 2, 3}

Postb({2}) ∩ {1, 3} ⊆ {1, 2, 3}
Postb({ 2} ) ! { 1, 2, 4} " { 1, 2, 3}
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Complexity for finite 
state games

• The imperfect information control problem is 
EXPTIME-complete

• There exist finite state games of incomplete 
information for which the algorithm of 
[Rei84] requires an exponential time where 
our algorithm needs only polynomial time 
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EXPTIME-complete
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[Rei84] requires an exponential time where 
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We compute exactly 
what is needed to 
control the system 
for a given objective
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Figure 2: Memory and randomizat ion are necessary to almost win the object ive Buchi({ o4} ).

4.2 A lmost winning for B ¬uchi ob ject ives

We Þrst illust rate the need of memory and randomizat ion for almost-winning in imperfect infor-
mat ion games with B¬uchi object ives.

Example 2 (M emor y is needed t o almost -win) Consider the example of Figure 2. The ob-
jective of Player 1 is to reach a state with observation o4. We show that Player 1 has no observation-
based sure-winning strategy in this game. This is because when we Þx an observation-based strategy
for Player 1, Player 2 has a spoiling strategy to maintain the game into the states { ! 0, ! 1, ! 2} . In-
deed, at ! 0, the only reasonable choice for Player 1 is to play a. Then Player 2 can choose to go
either in ! 1 or ! 2. In both cases, the observation wil l be the same for Player 1. After seeing o1ao2,
i f the strategy of Player 1 is to play a then Player 2 chooses ! 2, otherwise, if Player 1 strategy is
to play b then Player 2 chooses ! 1. This can be repeated and so Player 2 has a spoiling strategy
against any observation-based strategy of Player 1.

We now show that almost-winning strategies exist for Player 1. Consider that Player 1 plays
an observation-based randomized strategy " as fol lows: after a sequence of observations #,

¥ if Last(#) = o1, then " (#)(a) = 1 and " (#)(b) = 0,

¥ if Last(#) = o2, then " (#)(a) = 0.5 and " (#)(b) = 0.5,

¥ if # = #′ áo1 á$ áo3, then " (#)(a) = 1 and " (#)(b) = 0,

¥ if # = #′ áo2 á$ áo3, then " (#)(a) = 0 and " (#)(b) = 1,

¥ otherwise take, arbitrari ly, " (#)(a) = 1 and " (#)(b) = 0.

The strategy " is almost-winning against any randomized strategy of Player 2. Note that the
strategy " uses memory and this is necessary because when receiving observation o3, Player 1 has
to play a i f the previous state satisÞed observation o1 and b i f the previous state satisÞed o2.

Given a game structure G of imperfect informat ion, let H = Pft(G) be the game structure of
perfect informat ion. Given a set T ! O of target observat ions, let BT = { (s, ! ) " Q | #o " T : s !
%(o) } . Then h(Buchi(T )) = Buchi(BT ) = { &H " Plays(H) | Inf(&H ) $ BT %= &} . We Þrst show
that almost winning in H for the B¬uchi object ive Buchi(BT ) with respect to equivalence-preserving

Objective: to reach o4

No (deterministic) observation-based winning strategy !
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¥ if # = #′ áo2 á$ áo3, then " (#)(a) = 0 and " (#)(b) = 1,

¥ otherwise take, arbitrari ly, " (#)(a) = 1 and " (#)(b) = 0.

The strategy " is almost-winning against any randomized strategy of Player 2. Note that the
strategy " uses memory and this is necessary because when receiving observation o3, Player 1 has
to play a i f the previous state satisÞed observation o1 and b i f the previous state satisÞed o2.

Given a game structure G of imperfect informat ion, let H = Pft(G) be the game structure of
perfect informat ion. Given a set T ! O of target observat ions, let BT = { (s, ! ) " Q | #o " T : s !
%(o) } . Then h(Buchi(T )) = Buchi(BT ) = { &H " Plays(H) | Inf(&H ) $ BT %= &} . We Þrst show
that almost winning in H for the B¬uchi object ive Buchi(BT ) with respect to equivalence-preserving

Objective: to reach o4

Observation based randomized strategies : λ1:(O.Σ)*.O�à D(Σ)
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i f the strategy of Player 1 is to play a then Player 2 chooses ! 2, otherwise, if Player 1 strategy is
to play b then Player 2 chooses ! 1. This can be repeated and so Player 2 has a spoiling strategy
against any observation-based strategy of Player 1.

We now show that almost-winning strategies exist for Player 1. Consider that Player 1 plays
an observation-based randomized strategy " as fol lows: after a sequence of observations #,

¥ if Last(#) = o1, then " (#)(a) = 1 and " (#)(b) = 0,

¥ if Last(#) = o2, then " (#)(a) = 0.5 and " (#)(b) = 0.5,
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¥ otherwise take, arbitrari ly, " (#)(a) = 1 and " (#)(b) = 0.

The strategy " is almost-winning against any randomized strategy of Player 2. Note that the
strategy " uses memory and this is necessary because when receiving observation o3, Player 1 has
to play a i f the previous state satisÞed observation o1 and b i f the previous state satisÞed o2.

Given a game structure G of imperfect informat ion, let H = Pft(G) be the game structure of
perfect informat ion. Given a set T ! O of target observat ions, let BT = { (s, ! ) " Q | #o " T : s !
%(o) } . Then h(Buchi(T )) = Buchi(BT ) = { &H " Plays(H) | Inf(&H ) $ BT %= &} . We Þrst show
that almost winning in H for the B¬uchi object ive Buchi(BT ) with respect to equivalence-preserving

Objective: to reach o4

When we see observation o2, we should play:
a with probability 1/2 and b with probability 1/2
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Example 2 (M emor y is needed t o almost -win) Consider the example of Figure 2. The ob-
jective of Player 1 is to reach a state with observation o4. We show that Player 1 has no observation-
based sure-winning strategy in this game. This is because when we Þx an observation-based strategy
for Player 1, Player 2 has a spoiling strategy to maintain the game into the states { ! 0, ! 1, ! 2} . In-
deed, at ! 0, the only reasonable choice for Player 1 is to play a. Then Player 2 can choose to go
either in ! 1 or ! 2. In both cases, the observation wil l be the same for Player 1. After seeing o1ao2,
i f the strategy of Player 1 is to play a then Player 2 chooses ! 2, otherwise, if Player 1 strategy is
to play b then Player 2 chooses ! 1. This can be repeated and so Player 2 has a spoiling strategy
against any observation-based strategy of Player 1.

We now show that almost-winning strategies exist for Player 1. Consider that Player 1 plays
an observation-based randomized strategy " as fol lows: after a sequence of observations #,

¥ if Last(#) = o1, then " (#)(a) = 1 and " (#)(b) = 0,

¥ if Last(#) = o2, then " (#)(a) = 0.5 and " (#)(b) = 0.5,

¥ if # = #′ áo1 á$ áo3, then " (#)(a) = 1 and " (#)(b) = 0,

¥ if # = #′ áo2 á$ áo3, then " (#)(a) = 0 and " (#)(b) = 1,

¥ otherwise take, arbitrari ly, " (#)(a) = 1 and " (#)(b) = 0.

The strategy " is almost-winning against any randomized strategy of Player 2. Note that the
strategy " uses memory and this is necessary because when receiving observation o3, Player 1 has
to play a i f the previous state satisÞed observation o1 and b i f the previous state satisÞed o2.

Given a game structure G of imperfect informat ion, let H = Pft(G) be the game structure of
perfect informat ion. Given a set T ! O of target observat ions, let BT = { (s, ! ) " Q | #o " T : s !
%(o) } . Then h(Buchi(T )) = Buchi(BT ) = { &H " Plays(H) | Inf(&H ) $ BT %= &} . We Þrst show
that almost winning in H for the B¬uchi object ive Buchi(BT ) with respect to equivalence-preserving

Objective: to reach o4

When we see observation o2, we should play:
a with probability 1/2 and b with probability 1/2

When Player 1 plays this randomized strategy, 
the game reaches o4 with probability one 

(almost sure winning).



Almost sure winning:
Reduction to perfect information
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Figure 1: Game structure G.

fol lows: for al l ! ! Prefs(G) such that Last(! ) ! " (o2), i f #(! ) = a, then in the previous round
$ chooses the state %2, and if #(! ) = b, then in the previous round $ chooses the state %′2. Given
# and $, the play outcome(G, #, $) never reaches %4. However, the game G is almost winning for
Player 1. Consider the randomized strategy that plays a and b uniformly at random at all states.
Every time the game visits observation o2, for any strategy for Player 2, the game visits %3 and %′3
with probabili ty 1

2, and hence also reaches %4 with probabili ty 1
2. I t fol lows that against al l Player 2

strategies the play eventually reaches %4 with probabili ty 1.

Spoi l ing st r at egies. To spoil a st rategy of Player 1 (for sure-winning), Player 2 doesnot need the
full memory of thehistory of theplay, heonly needscount ing strategies. Wesay that a determinist ic
st rategy $ : Prefs(G) " Σ # L for Player 2 is counting if for all preÞxes ! , ! ′ ! Prefs(G) such that
|! | = |! ′| and Last(! ) = Last(! ′), and for all & ! Σ, we have $(! , &) = $(! ′, &). Let Bc

G be the set of
count ing strategies for Player 2. The memory needed by a count ing strategy is only the number of
turns that have been played. This type of st rategy is sufficient to spoil the non-winning strategies
of Player 1.

Pr oposit ion 1 Let G be a game structure of imperfect information and ' be an objective. There
exists an observation-based strategy #o ! AO

G such that for al l $ ! BG we have outcome(G, #o, $) ! '
i f and only if there exists an observation-based strategy #o ! AO

G such that for al l counting strategies
$c ! Bc

G we have outcome(G, #o, $c) ! ' .

Pr oof. We prove the equivalent statement that : $#o ! Ao
G · %$ ! BG : outcome(G, #o, $) &! '

iff $#o ! Ao
G · %$c ! Bc

G : outcome(G, #o, $c) &! ' . The right implicat ion (' ) is t riv-
ial. For the left implicat ion (# ), let #o ! Ao

G be an arbit rary observat ion-based strategy for
Player 1 in G. Let $ ! BG be a strategy for Player 2 such that outcome(G, #o, $) &! ' . Let
outcome(G, #o, $) = %0&0%1 . . . &n−1%n&n . . . and deÞne a count ing strategy $c for Player 2 such
that $! ! Prefs(G) · $& ! Σ : if Last(! ) = %n−1 and & = &n−1 for n = |! |, then $c(! , &) = %n, and
otherwise $c(! , &) is Þxed arbit rarily in the set PostG

" (Last(! )). Clearly, $c is a count ing strategy
and we have outcome(G, #o, $) = outcome(G, #o, $c) and thus outcome(G, #o, $c) &!' . !

Remarks. First , the hypothesis that the observat ions form a part it ion of the state space can be
weakened to a covering of the state space, where observat ions can overlap. In that case, Player 2
chooses both the next state of the game %and the next observat ion o such that %! " (o). The deÞ-
nit ions related to plays, st rategies, and object ives are adapted accordingly. Such a game structure
G with overlapping observat ions can be encoded by an equivalent game structure G′ of imperfect
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Figure 3: Game structure H (for G of Figure 1).

Example 3 Given the game structure G of imperfect information from Figure 1, the game structure
H = Pft(G) of perfect information is shown in Figure 3. All states are almost winning for the B¬uchi
objective Buchi({ ({ !4} , !4) } ). The ranks of the states are shown next to the states. The positional
strategy that plays both a and b with equal probabili ty is almost winning at al l states. For the states q
with ranks 1, 3, and 4, if the rank of q is j , then PostH

a (q) ⊆ Rank(j −1) and PostHb (q) ⊆ Rank(j −1).
For the states with rank 2, if q = ({ !2, !′2 } , !2), then PostH

b (q) ⊆ Rank(1); and if q = ({ !2, !′2 } , !′2),
then PostH

a (q) ⊆ Rank(1).

Lemma 13 Q∗ = Q≈
AS.

Pr oof. By deÞnit ion, Q∗ ⊆ Q≈
AS. We now prove that Q≈

AS ⊆ Q∗. Assume towards a contradict ion
that X = Q≈

AS\ Q∗ #= ∅. For all states q ∈ X and all σ ∈ Allow([q]≈, Q≈
AS), wehave PostH

σ (q)∩X #= ∅,
because otherwise q would have been in Q∗. Hence, for all q ∈ X and all σ ∈ Allow([q]≈, Q≈

AS), there
exists a q′ ∈ X such that (q, σ, q′) ∈ ∆H . Fix a strategy β for Player 2 as follows: for a state q ∈ X
and the input let ter σ ∈ Allow([q]≈, Q≈

AS), choose a successor q′ ∈ X such that (q, σ, q′) ∈ ∆H .
Consider a state q ∈ X and an equivalence-preserving almost-winning strategy α for Player 1
from q for the object ive Buchi(BT ). By Lemma 12, for every preÞx ρ sat isfying the condit ion
of Lemma 12, we have Supp(α(ρ)) ⊆ Allow([Last(ρ)]≈, Q≈

AS). It follows that Prα,β
q (Safe(X )) = 1.

Since BT ∩ Q≈
AS ⊆ Q∗, it follows that BT ∩ X = ∅. Hence Prα,β

q (Reach(BT )) = 0, and therefore
Prα,β

q (Buchi(BT )) = 0. This contradicts the fact that α is an almost-winning strategy. !

Equivalence-preserving positional strategy. Consider the equivalence-preserving posit ional st rat -
egy αp for Player 1 in H , which is deÞned as follows: for a state q ∈ Q≈

AS, choose all moves in
Allow([q]≡, Q≈

AS) uniformly at random.

Lemma 14 For all states q ∈ Q≈
AS and all Player-2 strategies β in H , we have Prαp,β

q (Safe(Q≈
AS)) =

1 and Prαp,β
q (Reach(BT ∩ Q≈

AS)) = 1.

Pr oof. By Lemma 13, we have Q∗ = Q≈
AS. Let z = |Q∗|.

¥ For a state q ∈ Q≈
AS, we have PostH

σ (q) ⊆ Q≈
AS for all σ ∈ Allow([q]≈, Q≈

AS). It follows for all
states q ∈ Q≈

AS and all st rategies β for Player 2, we have Prαp,β
q (Safe(Q≈

AS)) = 1.

¥ For a state q ∈ (Rank(j + 1) \ Rank(j )), there exists σ ∈ Allow([q]≈, Q≈
AS) such that PostHσ (q) ⊆

Rank(j ). For a set Y ⊆ Q, let ♦j(Y ) denote the set of preÞxes that reach Y after at most j

Here, Player 2 has to choose the 
current state of the game.  He 
can not  for seen  what player I 
will play next.
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objective Buchi({ ({ !4} , !4) } ). The ranks of the states are shown next to the states. The positional
strategy that plays both a and b with equal probabili ty is almost winning at al l states. For the states q
with ranks 1, 3, and 4, if the rank of q is j , then PostH

a (q) ⊆ Rank(j −1) and PostHb (q) ⊆ Rank(j −1).
For the states with rank 2, if q = ({ !2, !′2 } , !2), then PostH

b (q) ⊆ Rank(1); and if q = ({ !2, !′2 } , !′2),
then PostH

a (q) ⊆ Rank(1).
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AS. We now prove that Q≈
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AS), choose a successor q′ ∈ X such that (q, σ, q′) ∈ ∆H .
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from q for the object ive Buchi(BT ). By Lemma 12, for every preÞx ρ sat isfying the condit ion
of Lemma 12, we have Supp(α(ρ)) ⊆ Allow([Last(ρ)]≈, Q≈

AS). It follows that Prα,β
q (Safe(X )) = 1.

Since BT ∩ Q≈
AS ⊆ Q∗, it follows that BT ∩ X = ∅. Hence Prα,β

q (Reach(BT )) = 0, and therefore
Prα,β

q (Buchi(BT )) = 0. This contradicts the fact that α is an almost-winning strategy. !

Equivalence-preserving positional strategy. Consider the equivalence-preserving posit ional st rat -
egy αp for Player 1 in H , which is deÞned as follows: for a state q ∈ Q≈

AS, choose all moves in
Allow([q]≡, Q≈

AS) uniformly at random.
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AS and all Player-2 strategies β in H , we have Prαp,β
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AS). It follows for all
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AS) such that PostHσ (q) ⊆

Rank(j ). For a set Y ⊆ Q, let ♦j(Y ) denote the set of preÞxes that reach Y after at most j
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he has an observation based randomized 
strategy in G.



Conclusion/Perspectives

• We propose a lattice theory  to solve games of imperfect information, those 
games are needed to make the synthesis of robust contr oller s (= finite 
precision). (see HSCC06)

• Our technique computes only the information that is needed to find a winning 
strategy, i.e. we avoid  the explicit subset construction. Works for any regular 
objective - randomized strategies are more powerfull (see CSL06) 

• Applicable to discr ete time contr ol  (see HSCC06) of RHA and useful to 
solve efficiently classical pr ob lems  (universality-language inclusion) for NFA 
and AFA (see CAV06) and for automata on inÞnite w or ds (TACAS07).

• Perspectives :

• Application to timed automata;

• study a notion of optimality.
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Fig.4. A Þnitestate automaton deÞning a winning strategy for the cooling system

mode is Slow. If the Þrst two observations are H, L then the controller knows that the
modeisFast.

The greatestÞxed point, given below, allows the computation of the deterministic
strategy depicted in Fig. 4. The whole process has been automated in HYTECH. The
correspondencebetween state numbers in the Þgure and states of the Þxed point is the
following:

Ð State0 ! (Stop, x = 0), (Slow, 295 < x " 300)
Ð State1 ! (Slow, 270 " x " 300)
Ð (Not depicted) State2 ! (Slow, 295 < x " 300), (Fast, 290 " x " 300)
Ð State3 ! (Slow, 260 " x " 289), (Slow, 295 < x " 300)
Ð State4 ! (Slow, 295 < x " 300), (Fast, 260 " x " 295)
Ð State5 ! (Start, x = 300)
Ð State6 ! (Slow, 250 " x " 280)
Ð State7 ! (Fast, 210 " x " 270)

As before, the strategy associates an action to each set of the Þxed point and the
observationsgive thenext stateof thestrategy.
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Infinite state games

We can drop the assumption that S if finite

Our fixed point algorithm will terminate if 

There exists a finite quotient of the state space in 
which Post, Enabled,     are definable using this 
quotient

DeÞni ti on 1 [Two-player games] A two-player game is a tuple !S, S0, ! , "# .

DeÞni ti on 2 [Observat ion set ] An observation set of S is a couple (Obs, " )
where " : Obs " 2S.

DeÞni ti on 3 [Observation based str ategy] An observation based strategy is a
funct ion # : Obs+ " ! .

$

Obs = s
G = !S, S0, ! , " , Obs, " #

CPre(q) = { s $ Bad | %%& ! á' obs & Obs á%s! & q : Post! (s) ( " (obs) $ s! }

CPre(q) = [{ s $ Bad | %%& ! á' obs & Obs á%s! & q : Post! (s) ( " (obs) $ s! } ]

DeÞni ti on 4 [Ant ichain of setsof states]An antichain on the part ially ordered
set !2S , $ # is a set q $ 2S such that for any A, B & q we have A )* B.

Let us call L the set of ant ichains on S.

DeÞni ti on 5 [+ ] Let q, q! & 22S
and deÞne q + q! if and only if

' A & q : %A! & q! : A $ A!

.

!L, + # is a complete lattice.
The minimal element is , , the maximal element { S} .

Application : Discrete Time Control of RHA
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Discrete time control of RHA

Player 1 (contr.) chooses an action every 1 time unit
Player 2 (env.) resolves nondeterminism 
 (in discrete and continuous steps).

H : x >=80

L : x <=85
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ẋ ! [" 10, " 9]

Fast
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Definition 1 [Two-player games] A two-player game is a tuple !S, S0, Σ, "# .

Definition 2 [Observation set] An observation set of S is a couple (Obs, γ)
where γ : Obs " 2S .

Definition 3 [Observation based strategy] An observation based strategy is a
function λ : Obs+ " Σ.
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set !2S , $# is a set q $ 2S such that for any A, B & q we have A )* B .
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Definition 1 [Two-player games] A two-player game is a tuple !S, S0, Σ, "# .

Definition 2 [Observation set] An observation set of S is a couple (Obs, γ)
where γ : Obs " 2S .

Definition 3 [Observation based strategy] An observation based strategy is a
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The symbolic CPre can be encoded 
in the script language of HyTech
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ẋ ! [" 10, " 9]

Fast
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Another application: 
avoiding determinization 

when testing 
universability of NFA



Universality of NFA
Universality - A game approach

Consider a game played by a protagonist and an antagonist

The protagonist wants to establish that A is not universal.

The protagonist has to provide a finite word w such that no

matter how the antagonist reads it using A, the automaton
ends up in a rejecting location.
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!3 !4
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0
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0

0, 1

1
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0, 1

The game is turn-based: the protagonist provides the
word w one letter at a time, and the antagonist updates

the state of A. The protagonist cannot observe the state
chosen by the antagonist.

=⇒ This is a blind game (or game of null information).
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Universality - A game approach

Consider a game played by a protagonist and an antagonist

T he protagonist wants t o establish t hat A is not universal.

T he protagonist has t o provide a Þnite word w such that no
m at t er how t he antagonist reads it using A , t he automaton
ends up in a rejecting location.

The game is t urn-based: the protagonist provides t he
word w one letter at a time, and the antagonist up dates
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Universality - Controllable predecessor operator

Let A = !Loc, ! I , ! , "A , F ".

Consider the following controllable predecessor operator
over sets of sets of locations. For q # 2Loc, let:

CPre(q) = { s | $s%& q á$# & ! á' ! & s á' ! %& Loc : "A(! , #, ! %) ( ! %& s%}

So s & CPre(q) if there is a set s%& q that is reached from any
location in s, reading input letter #, that is Post#(s) # s%.

=) CPre encodes the blindness of the game.



Universality - A game approach

Let A = ! Loc, !I , ! , δA , F ".

Theorem:

{ !I } # µx.(CPre(x) $ { T } )
i"

Protagonist has a strategy to win GT
i"

A is not universal

Claim: For s1 % s2, if Postσ(s2) % s&then Postσ(s1) % s&

and if s2 # CPre(á), then s1 # CPre(á)

Idea: Keep in CPre(x) only the maximal elements.



Universality - Experimental results (1)

¥ We compare our algorithm Antichains with the best(1)

known algorithm dk.brics.automaton by Anders Møller.

(1) According to ”D. Tabakov, M. Y. Vardi. Experimental Eval-

uation of Classical Automata Constructions. LPAR 2005”.

¥ We use a randomized model to generate the instances
(automata of 175 locations). Two parameters:

– Transition density: r ! 0

– Density of accepting states: 0 " f " 1



Universalit y - Exp erimental results ( 2)

Time dk. br i cs. aut omat on

Time Ant i chai ns

D
ensity

of
F
inal States

(f) Transition
Density (r)

200
160
120
80
40
0

0.8

0.6

0.4

0.2
43.532.521.510.50

200
160
120
80
40
0

Each sample point: 100 automata with |Loc| = 175, ! = { 0, 1} .



Universality - Experimental results (3)
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¥ Transition density: r = 2.

¥ Density of accepting states: f = 1.


