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Abstract

Let us have a tuple of strings zi,...,z,, and some oracle O. As-
sume that there is no information in O about z;’s, i.e., I(z1,...,z,;0) =
0. Can any ‘informational’ properties of x,...,z, essentially change
under relativization conditional to the oracle O7 We discuss a for-
malization of this question and show that some special cases of these
general conjecture hold.

We are talking about ‘informational’ properties of finite binary strings,
i.e., about properties that can be expressed in terms of Kolmogorov com-
plexity. We use the following notations for the complexity profile:

Notations 1. C(z1,...,z,) = (C(x1),C(x2),...,C(z1,22),...)

A very general form of algorithmic-informational property:

—

Vylay?vy?) . .C((I;l’ L 7wn7y17‘ i 7ym) 6 A

where A is some set.

The relativized version of the same notations:

Notations 2.

—

C(z1,...,2,|0) = (C(x1]|0), C(22]0),...,C(x1,22]0),...),



where O is an oracle.

We want to compare the non-relativized properties of a tuple of strings
T1,...,ZT, and relativized properties of the same tuple conditional to an
oracle O.

Before relativization:

—

Vy13yaVys .. K (1, Tn, Y155 Ym) € A

After relativization:

—

Yy IyaVys ... K(T1, -3 Toy Y1y - - -, Ym|O) € A

It is natural to assume that the properties do not change essentially
under relativization if there is no information about z;’s in the oracle O.

Conjecture 1 (Main). Kolmogorov complexity properties of a tuple T =
(1,...,2zp) does not change essentially under relativization with respect to
an oracle O (i.e., A~ A') if and only if the mutual information 1(O : T) =
K(z) — K(z|O) is small.

We cannot prove this conjecture in the most general case; further we
consider some special cases of this statement.

A simple case: formulae without quantifiers
Theorem 1. (trivial) Assume for some T = (z1,...,%,) and z
I(z:2) <.
Then the distance between the profiles K(z) and K(Z|2) is at most § +
O(log K (%, 2)).
More involved case: 3-formulae with parameters
Theorem 2. Assume for some Z, z
Iz :z) <4

Then for any § = (y1,...,Ym) there exists a y' = (y§,...,y),) such that
the distance between the profiles K(Z,y) and K(Z,y'|z) is at most § +
O(log K (2,9, 2))-

Conversation of theorem 2:



Conjecture 2. Assume for some T = (x1,...,2y) and z
I(z:2) <.

Then for any § = (y1,...,Ym) there exists a §' = (y},...,yl,) such that the

distance between K (z,y|z) and C(&,7') is at most 6 + O(log C(z, 7, z)).
We cannot prove even Conjecture 2 for all strings ;. But we can show
this conjecture holds for an important class of tuples.

Definition 1. A string x is called (v, 8)-stochastic if there exists a set A D x
such that

e C(4) <a,
o C(z[A) > log|A| -3

The class of («, 3)-stochastic tuples is defined similarly for any length of
a tuple. We call (O(log N), O(log N))-stochastic tuples just stochastic.

Theorem 3. Conjecture 2 holds for stochastic x.

Further we formulate results concerning another interesting special case
of the Main conjecture.

We say, that for some z1,x9 we can extract « bits of the mutual infor-
mation between x; and xo with precision 4, if there exists y such that

Clylz;) <6

for i =1,2, and
Cly) >a—3d

It is easy to check that for any precision § we cannot extract more than
I{z1;29) + 0 + O(log C(x1,x2)) bit of the mutual information. The nontriv-
ial fact is that for some pairs of strings only a negligible part of the mutual
information can be extracted (Gacs-Korner 1973). In other words, the prop-
erty of extractability of the mutual information cannot be determined by the
complexity profile C(z1, z2).

Theorem 4. For any C > 0 there exists a D as follows. Assume for some
T1, T2, 0
I{z1,29: 0) < ClogN,

and all 1{z1;22) bits of the mutual information between x1 and zo can be
extracted with precision C'log N, given O as an oracle.

Then the mutual information between x1 and xo can be extracted without
relativization, with precision D log N.



Thus, if in an oracle there is no information about a given pair of strings,
then relativization conditional to this oracle cannot change the property of
extractability of the whole mutual information. A natural question: does
a similar statement hold for eztracting some part of the mutual informa-
tion between z; and z27 We cannot prove this statement for logarithmic
precision, but showed it holds for a more rough precision o(N).

Theorem 5. For any f(N), f(N) = o(N) there ezists g(N), g(IN) = o(N)
as follows. Assume that for some x1, 2,0,

I(:El,xg : O) S f(N),

(where N = C(x1,22,0)), and « bits of the mutual information between xq
and xo can be extracted given an oracle O, with precision f(N).

Then « bits of the mutual information between x1 and xo can be extracted
without an oracle, with precision g(N).
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